
             USING COMPLEX VARIABLE METHODS TO SOLVE  
                           THE 2D BIHARMONIC EQUATION 
 
As we have already shown in an earlier article on this web page about a decade ago, 
it is possible to generate biharmonic functions F(x,y) in 2D by use of complex 
variable methods. One starts with the fact that all biharmonic functions in 2D have 
the general form- 
 
                F(x,y) =x𝛗1( x,y)+y𝛗2(x,y)+𝛗3(x,y)+ 𝛗4(x,y)                        
 
and satisfy the 4th order partial differential equation- 
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Here the 𝛗ns are harmonic functions satisfying 𝛁2=0. 
 
This general solution suggests at once that any harmonic function also satisfies the 
biharmonic formula. That is 𝛁2(y2-x2)=𝛁4(y2-x2).   
 
                                    
By noting that the sum of several harmonic functions also represents a biharmonic 
function and that x is harmonic, it should be possible to define a biharmonic 
function by the alternate complex variable route- 
 
               F(x,y)= 𝛗(x,y) (zbar)+ψ(x,y)=Re(F)+i Im(F)=f+i g 
 
Here one begins by choosing two functions φ(x,y) and ψ(x,y) and sets z=x+iy= 
r exp(iθ) plus zbar=x-iy=r exp(-iθ.  Applying the operation  evalc(F) to the chosen 
form of F we arrive at the two  functions f(x,y)=Re(F) and g(x,y)=Im(F). To see if the 
guess  for 𝛗 and ψ was valid, one simply runs the test  𝛁4f=0 and  𝛁4g=0.  A violation 
implies the initial guesses were wrong. 
 
 
Let us begin by looking at one of the simplest biharmonic functions- 
 
              F=zbar/z=(x^2-y^2-2ixy)/(x^2+y^2)             
Here- 
 
        f=(x^2-y^2)/(x^2+y^2)=cos(2𝛉)    and    g=-2xy/(x^2+y^2=sin(2𝛉) 
 
Applying the 𝛁4 operator to both f and g yields zero. This shows that here F is 
indeed a valid complex variable form of a harmonic function. A contourplot for 
both f and g follow- 
 



        
Note that here the contours are straight lines merging to or from the origin at 
x=y=0. One could interpret this result as viscous flow coming out of a point source, 
since, for low Reynolds number viscous flows, the streamline pattern ψ is governed 
by 𝛁4ψ=0. 
 
Consider next the complex variable form- 
 
          F=zbar/z^2=(x-iy)/(x+iy)^2=(1/r)exp(-3i𝛉) 
 
Here we get f=(1/r)cos(3𝛉) and g=-(1/r)sin(3𝜽). Both of these functions are 
biharmonic since they satisfy 𝛁^𝟒𝒇 = 𝟎 𝒂𝒏𝒅 𝛁^𝟒𝒈 = 𝟎. A contour map of both f 
and g follow- 
 

                   
You will recognize these patterns represent the classic Rhodonea(rose) curve  



 r=a cos(b𝜽). The contour patterns for f=const. and g=const. are not orthogonal to 
each other. 
 
Consider next the complex function- 
 
F=zbar/z+z^2-1=[cos(2𝛉)+rsin(𝜽)-1]+i[sin(𝜽)*(r-cos(𝛉))] 
 
Looking at just the imaginary part shows that g will have zero contour when 
r=cos(𝜽). That is, this contour will have the form of a unit radius circle centered at 
the origin. The rest of the countourplot for g=Im(F)  follows - 
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biharmonic, we look at- 
 
      𝛁4(ψ)= simplify(diff(g,[x,x,x,x])+2*diff(g,[x,x,y,y])+diff(g,[y,y,y,y])); 
 
Finding this to be zero we know that g is indeed a biharmonic function.  
 
A final example of a generated biharmonic consider the  complex form- 
 
    F=z*zbar+1/z=f+ig=[(x^2+y^2)+x/(x^2+y^2)]-i[y/(x^2+y^2)] 
 



We know this F represent two legitimate biharmonic functions since here we find 
both 𝛁4 f =0 and 𝛁4 g=0. Contour plots for both f=const. and g=const. follow-  

                            
 
Again, unlike the case for harmonic functions, the contour pattern for the red and blue 
curves are not orthogonal. 
 
A final question remains is do all forms of F=𝝋(𝒛𝒃𝒂𝒓) + 𝝍 generate biharmonic 
functions?  The answer seems to be yes(as supported by all of the above examples) as 
long as both 𝛁 2𝛗 =0  and  𝛁2 ψ=0.                             
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