
                        SOLUTIONS OF THE BRAHMAGUPTA EQUATION 

 

In some earlier notes we have discussed the non-linear Diophantine equation- 

�� = � + ��� 

whose integer solutions can be represented by the triplets [N, x, y]. We want here to look at 

this equation in more detail.  

There are three basic ways to solve the equation. The first approach is to set N equal to a 

constant integer and then run the computer program- 

                        for x from 1 to 500 find {x,evalf(sqrt(1+N*x^2))}od; 

Doing this for the first 60 values of N leads to the following triplet table- 

 

N X1 Y1 N X1 Y1 

1 --- --- 31 273 1520 

2 2 3 32 3 17 

3 1 2 33 4 23 

4 --- --- 34 6 35 

5 4 9 35 1 6 

6 2 5 36 --- --- 

7 3 8 37 12 73 

8 1 3 38 6 37 

9 --- --- 39 4 25 

10 6 19 40 3 19 

11 3 10 41 320 2049 

12 2 7 42 2 13 

13 180 649 43 531 3482 

14 4 15 44 30 199 

15 1 4 45 24 161 

16 --- --- 46 3588 24335 

17 8 33 47 7 48 

18 4 17 48 1 57 

19 39 170 49 --- --- 

20 2 9 50 14 99 

21 12 55 51 7 50 

22 42 197 52 90 649 

23 5 24 53 9100 66249 



24 1 5 54 66 485 

25 --- --- 55 12 89 

26 10 51 56 2 15 

27 5 26 57 20 151 

28 24 127 58 2574 19603 

29 1820 9801 59 69 530 

30 2 11 60 4 31 

 

Here the --- indicates no integer solutions possible for those cases where N is the square of an 

integer. We have presented only the lowest integer values of x and y possible for a given N 

and have marked them with the subscript 1. As already shown by Brahmagupta , higher 

integer solutions are generated by the simple operation- 

                                                    yn+xnsqrt(N)=[y1+x1sqrt(N)]
n 

Thus the next higher triplets corresponding to the  value [44,30,199] will be 

   [N,x2,y2]= [44,31044,106525]     and   [N,x3,y3]= [44,14486706,47834227] 

One notices that for larger x1 and y1 that the ratio of y1/x1≈sqrt(N) as expected. Also we 

notice that the values of x1 and y1 remain relatively small in the immediate vicinity of N=p
2
, 

where p is any integer. A simple inspection of the table shows the following four base triplets 

[N, x1, y1] near N=p
2
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To confirm things, consider the case of p=3245 with N=3245
2
+1=10530026. We have- 

                                         x1=6490    and    y1=21060051.  

That is 21060051
2
=1+10530026(6490)

2
. The above four triplets involving integer p allow one 

to quickly calculate the values of x1 and y1 in a narrow band around N=p
2
, but are of no use 

outside this range. Brahmagupta first found an especially large base pair [x1,y1] occurring for 

N=61. The values  are- 

                                   x1=226153980    and   y1=1766319049 

This pair is lies outside the band   p
2
-2 to p

2
+2  and thus is not covered by any of the above p 

formulas. The values can however be generated with a lot of brute force . How Brahmagupta 

was able to do so over a millennium ago without the benefit of electronic computers is still a 

mystery. It defied the efforts of both Fermat and Euler. Some other triplets outside the band 

which we have been able to come up with by brute force calculations are- 



         [67, 5967, 48842], [76, 6630, 57799], [86, 1122, 10405], and [93, 1260, 12151] 

 

One can think of the solution triplets [N,x,y] as points on a 3D surface in x, y, N space.  A cut 

through this surface for y=m=const represents a hyperbola- 
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while a cut by the plane x=k=const produces a parabola- 
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2
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2
 

A cut through the surface by the plane N=h=const yields the hyperbola- 
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2
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A plot of this surface over the range 1<x<5, 1<y<10, and 0<N<100 looks like this- 

                 

A second approach to finding integer triplets [N,x,y] is to set x to a constant k and then run 

the program- 

                          for y from 1 to 500  find {y,(y
2
-1)/k

2
}od;  



until an  integer value for N =(y
2
-1)/k

2
 appears. If this point is not reached in the first 500 

calculations, one continues by looking in the next block 500<y<1000 and so on. Typically we 

will find multiple values. For example, if we set x=20, the computer spits out – 

 [y, N]=[49,6], [151,57] , [199,99], [201,101], [249,155],[351,308],[399,398],[401,402]  

and so on. Notice that no square roots had to be taken. One can here recognize a general 

pattern by looking at the ys and the jumps between neighboring ys. We have- 

           y=49-151-199-201-249-351-399-401-449- with  Δy=102-48-2-48-102-48-2-48- 

It produces two formulas for y, namely, y=(100±51)+200p and y=(200±1)+200p. Thus there is 

clearly an internal periodicity present in the y values. We see for example that - 

                            [759,20, 551]    and,     [1596,20,799] 

represent  points on the solution surface. By running the above computer program for fixed x 

in the range 3≤x≤22 we obtain the following formulas for y- 

 

Here p again can take on integer values p=0, 1, 2, 3, 4,… The values of N follow from N=(y
2
-

1)/x
2
. One can also extend the above formulas to constant values of x greater than 22. There 

we find triplets such as [1087,33,1088] and [1155,68,2311] . At x=100 we find that all possible 

integer values y are given by- 

                 y=1249+5000p,  3751+5000p,  4999+5000p, and  5001+5000p 

Note that  the last two follow from the simplified formula y=(x
2
/2)±1. Also for the first two 

we notice that 1249+3751=5000=x
2
/2. 

xodd y xeven y 

3 9(1+p)±1                     4 8(1.5+p)±3 

5 25(1+p)±1 6 18(1.5+p)±8 

7 49(1+p)±1 8 32(1.5+p)±15 

9 81(1+p)±1 10 50(1+p)±1 

11 121(1+p)±1 12 72(0.5+p)±19 

13 169(1+p)±1 14 98(1+p)±1 

15 225(1+p)±1     or 

225(0.5+p)±86.5 

16 128(1+p)±1 

17 289(1+p)±1 18 162(1+p)±1 

19 361(1+p)±1 20 200(1+p)±1   or 

200(0.5+p)±51 

21 441(1+p)±1    or 

441(0.5+p)±23.5 

22 242(1+p)±1 



Finally, a third way to solve the Brahmagupta equation involves first setting the value of y to 

a constant. The steps taken in the evaluation procedure go as follows- 

(1)-Specify  the value of y, say y=167 

(2)-Evaluate (y
2
-1) =Nx

2 
and write out its ifactor form. For y=167 we get y

2
-1= 27888= 2

4
∙ 3 ∙7∙ 

83. 

(3)-Pick out the term with the lowest square power to yield x1
2
 and the remainder represents     

N . For y=167  one has x1=2 and N=4(3∙7∙83)=6972. 

(4)- Write down the [N, x1,y1] triplet. For the present case we have [6972, 2, 167]. Notice that 

we also have the triplet  [1743, 4, 167] since Nx
2
 remains unchanged between the two.  

This last method of finding triplets is by far the easiest of the three techniques used  and 

furthermore will produce only a limited number of possibilities for any given y. Looking at the 

Brahmagupta results for N=61 shows that- 
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when x1 and y1 are expressed as powers of prime numbers. As expected , Nx1
2 

is here exactly 

equal to y1
2
-1. To derive the solution triplet for a very large N we can start with a number 

such as y1=264989. This produces (by the third solution method) the result 

x1
2
N=2

3
∙3∙5∙11

2
∙31∙73∙2137. From this we have at once that- 

                                  [N, x1, y1]= [145080930, 22, 264989] 

  

The solution methods for the Brahmagupta equation discussed here can easily be extended 

the other non-linear Diophantine Equations such as the elliptic equation- 

                                                   y
2
=x

3
+ax+b 

which plays a major role in factoring large semi-primes. 
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