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ABSTRACT 
Experimental Optimum Engineering Design is a 
new undergraduate/graduate course developed at 
the University of Florida for combining analytical 
optimization techniques and design of experiments 
methods in product design. The paper describes a 
design project - the design of a paper helicopter for 
minimum autorotation speed - and its usage in the 
course. This project, originally developed for in-
troducing students to basic experimental statistics 
concepts, turned out to be well suited for combin-
ing analytical and experimental design techniques. 

 
INTRODUCTION 

 
The past few years have seen increasing emphasis 
on strengthening the design content of engineering 
curricula (e.g., Mason et al., 1995). The increasing 
availability of spreadsheet programs, such as Lotus 
1-2-3 and Excel, as well as mathematical computa-
tion packages, such as Mathematica and Matlab, 
allows us to introduce design optimization con-
cepts early in the curriculum. These packages al-
low students to perform design optimization in 
low-dimensional design spaces graphically, by 
exhaustive searches or by formal optimization. 
 
However, the increasing power of computational 
tools available to students accentuates an existing 
bias in favor of analytical design exercises as com-
pared to design based on building and testing pro-
totypes. In real life  the design process rarely ends 
with an analytical design study, or even with the 
building of a single prototype. Rather, often exten-
sive tests are conducted to explore the performance 
of prototypes. Several modifications are often built 
and tested, so that the design process which begins 
analytically is refined through experiments. There 
is a need for courses that teach students design 
techniques that combine analytical models with 
experimental refinement of the design. 
 
One of us (Haftka), has recently developed an un-
dergraduate/graduate course, Experimental Opti-
mum Engineering Design, to address this need. 

The course begins with optimization formulation, 
optimality criteria and a short survey of optimiza-
tion techniques, and continues with design of ex-
periments (DOE) techniques for constructing re-
sponse surface approximations. The course is fo-
cused around a project. Students first design based 
on analysis, continue to build and test the analyti-
cal optimum, and finally refine the design experi-
mentally by building and testing a number of de-
signs in the neighborhood of the analytical opti-
mum. 
 
The course emphasizes theory for response-surface 
techniques. These techniques have recently be-
come popular also for analytical optimization (e.g., 
Kaufman et al., 1996). The reasons for this popu-
larity include increasing similarity between nu-
merical simulations and laboratory experiments 
due to numerical noise, as well as the ease of using 
response-surface techniques  for connecting  large 
and complex analysis software to optimization 
software (see also Haftka et al., 1998). 
 
The course was first offered in 1996, and the 
course project  was the shape optimization of a lap 
joint  for connecting two aluminum pieces (Haftka 
and Jenkins, 1998). This project was first tried out 
in an Introduction to Engineering sophomore 
course. It was found that with the aid of spread-
sheet programs, such as Lotus 1-2-3 and Microsoft 
Excel, sophomores could handle well the com-
bined analytical-experimental design problem, 
albeit with too little understanding of the underly-
ing techniques. A more thorough testing of the lap-
joint project, in the Experimental Optimum Engi-
neering Design course, revealed one flaw in the 
project. Even though simple strength-of-material 
formulae were used for the analysis, they proved to 
be so accurate, that the experimental optimization 
part  did not change the design significantly. 
 
Consequently, the next time the course was of-
fered, a new project, the design of a paper `heli-
copter' for maximum autorotation efficiency was 
undertaken. Autorotation is the rotation of a heli-

  



copter rotor in response to downward motion even 
when no power is available. It is critical to the sur-
vival of the pilot and passengers when a helicopter 
loses power. The objective of the design project 
was to maximize the effectiveness of autorotation, 
as measured by the time it takes the paper helicop-
ter  to reach the ground from a given initial altitude 
(about 8 feet for the class project). This project has 
been used in the past for teaching the rudiments of 
experimental design by statisticians (Box, 1991, 
Fricker, 1997). 
 
This paper describes the paper helicopter project 
focusing on the response-surface issues associated 
with modeling and experiments. The design of one 
of the authors (Siorek), who was a student in the 
course,  illustrates the methodology and expose the 
problems and opportunities  in exercising it. 
  

PROBLEM DEFINITION 
 

A rendering of the helicopter construction used in 
the design problem is illustrated in   Fig. 1. The 
problem consists of determining the optimal values 
for three constrained design variables Rr, Tw, and 
Tl  which maximize the free fall time where 

Rr=Rotor radius ε [ 7.62 cm, 16.50 cm ] 
Tw=Tail width    ε [ 3.20 cm, 5.10 cm ] 
Tl=Tail length   ε [ 5.00 cm, 7.00 cm ] 

 
along  with fixed dimensions and parameters sum-
marized in Table 1. While the rest of the helicopter 
is made of the same weight paper, the weight of the 
paper used for the rotor, Wwing , is assumed to in-
crease as the cube of Rr in order to simulate struc-
tural stiffness requirements (see next section).  The 
additional weight is realized by attaching addi-
tional paper strips to the rotor, hence the need for 
the tape strips shown in Fig. 1. 
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Figure 1: Geometry definition of paper helicopter, with fixed dimensions and design variable ranges 
given in Table 1 

 

  



Paramete r Description Min Nom Max

Rr Rotor Radius 7.62 cm --- 16.50 cm
Tw Tail Width 3.20 cm --- 5.10  cm
Tl Tail Length 5.00 cm --- 7.00  cm

Rr0 Nominal Rotor Radius --- 7.62 cm ---
Rw Rotor Width --- 5.40 cm ---
Bl Body Length --- 3.80 cm ---
Bw Body Width --- 10.8 cm ---

Wwing0 Nominal Rotor Weight --- 606.8 dyne ---
Wpc Paper Clip Weight --- 1558.2 dyne ---

Cd Drag Coefficnt --- 1.1 ---
ρair Density of air --- 0.0013 gm per cubic cm ---

ρpaper Density of paper --- 0.0075275 gm per sq. cm ---
g Gravity Constant --- 980 cm/sec 2̂ ---

 
 

Table 1:   Dimensions and parameters for paper helicopter. Rr, Tw, and Tl are the design variables 

 
ANALYTICAL DESIGN 

 
The model used for the analytical design approximates 
the drag force, D, on the helicopter as  
   

 D = (1/ 2)ρair V 2 SCD   ( 1 ) 
where  V is the downward velocity, and S is the area 
spanned by the rotor, S=πRr

2. The helicopter reaches 
steady state velocity fairly fast, and this velocity, VSS, is 
obtained by equating the drag to the helicopter  weight, 
W  as 

 Vss =
2W

ρairπRr
2CD

  ( 2 ) 

This steady-state velocity can be used as a surrogate 
objective, since minimizing it is equivalent to maximiz-
ing the descent time. The weight W, is given as the sum 
of the wing, body, tail and paper clip weights as 
 
   W= Wwing + Wbody + Wtail + Wpc  ( 3 ) 
 
The weights of the body and tail are obtained by multi-
plying their areas by the paper density 
 

  Wbody =  BL0 Bw0 ρpaper g ( 4 ) 
 

 Wtail =  TL  Tw  ρpaper g ( 5 ) 
 
while the weight of the paper clip is given (Table 1). 
The weight of the wing (rotor), however, was assumed 

to increase as the cube of its radius, to reflect strength 
and stiffness requirements in a real helicopter 

 
 Wwing = Wwing0 ( Rr / Rr0 )3  (6 ) 
  
 Altogether, the weight in Eq. (3)  can be expressed in 
terms of the design variables as 
 
     W = Wwing0 ( Rr / Rr0 )3  +   BL0 Bw0 ρpaper g  + 
  TL  Tw  ρpaper g  + Wpc              ( 7 ) 
 
 
By using Eq. (7), Eq. (2)  may be written in an equiva-
lent form as 
 
y(η, Tl, Tw )≡ Rr

2 Vss
2 = a1 + a2 η + a3 Tl Tw ( 8 ) 

 
where 
  η ≡ Rr

3   ( 9 ) 
and a1 , a2 , and a3  are constants independent of the 
design variables. The alternative  form,Eq. (8) will be 
convenient for the subsequent experimental enhance-
ment phase, because it is a quadratic function of the 
variables  η, TL and Tw. 
 
The optimization problem was solved by most students 
using the Solver utility in Microsoft Excel, which em-
ploys a generalized reduced gradient optimizer. One 
student used graphical optimization. The optimum de-
sign, given in Table 2, corresponds to the constraints 
given in Table 1. Similar designs were obtained by 
most students, with differences due to ambiguities in 

  



the nominal radius Rr. Because this value was not 
specified clearly in the assignment, some students em-
ployed a value of 7.62 cm, while others used 11.43 cm. 
Additionally, different lower and upper limits were 
used for the design variables. 
 

Parameter Description Analytical Optimum

Rr Rotor Radius 14.24 cm
Tw Tail Width 3.20 cm
Tl Tail Length 5.00 cm
W Weight 5950 dyne

 

Table 2:   Optimum design variable values 
based purely upon the analytical design analyses. 

 
VALIDATION OF ANALYSIS 

 
The analytical optimum design given in Table 2 was 
built and tested by dropping the paper helicopter from a 
height of 8 feet five times. The average measured time 
to reach the ground was 1.44 seconds, with a standard 
deviation of 0.055 seconds. Under the action of the 
drag force and gravity, integrating Newton's second law 
for the paper helicopter gives the following solution for 
the height, h(t),  as a function of time, t 

 

h(t ) = ln(1+ e

2gt
Vss

2
) Vss

2

g
− tVss  ( 10 ) 

Using the weight and radius given in Table 2 and the 
steady state velocity from Eq.  (2), Eq. (10) predicts 
1.86 seconds to reach the ground, which corresponds to 
29.2% error from the analytical solution. Typical dif-
ferences for other students were about   15-20%. 
 
The difference between the experiment and the analysis 
is partly due to the inadequacy of the analytical model. 
The drag at the initial phase of the fall is not predicted 
well by Eq. (2) because the rotor does not rotate fast 
enough. The assumed drag coefficient is estimated to 
be accurate to about 10%, and the simple equation for 
the drag may not be very accurate. 
 
The difference between the analysis and the experiment 
is representative of differences encountered in complex 
design projects when more sophisticated analysis tools 
are used. Furthermore, the difference is small enough to 
allow us to expect that the true optimum is not too far 
from the analytical design based on the approximate 
model. Yet, the difference is large enough to allow sub-
stantial additional gains to be realized by performing an 

experimental optimization in the neighborhood of the 
analytical design point - the subject of the next section. 

 
EXPERIMENTAL ENHANCEMENT OF DESIGN 

 
The experimental enhancement of the design proceeds 
by building and testing a number of designs in the 
neighbourhood of the analytical optimum. The selec-
tion of the designs to be built and tested utilizes design 
of experiments (DOE) methodology. An approximation 
is later fitted to the values of the objective function at 
the test points using response surface methodology 
(RSM). Finally, the optimization is repeated based on 
the response surface approximation, and a new opti-
mum design is found, built and tested. 
 
Response surface methodology usually employs linear 
or quadratic polynomials, and for this project a quad-
ratic polynomial was suggested to the students. Ex-
pressing the average velocity as a quadratic polynomial 
in the three design variables may be written as 

Vavg = b1 + b2  Rr + b3  Tw +  b4  Tl + 
 b5  Rr  Tw + b6  Rr  Tl+  b7  Tw  Tl +  

      b8  Rr
2  +  b9  TW

2 +  b10  Tl
2          (11) 

 
where the bi  are unknown constants to be evaluated 
from  test results. While we do not have any reason to 
believe that the average velocity can be expressed well 
as a quadratic function in the design variables, Eq. (8) 
suggests that if we multiply its square by Rr

2 we can 
approximate it well as a quadratic function in η, Tl,  and 
Tw, that is 
 

y = Rr
2  Vavg

2    = b1 +  b2 η   +  b3  Tw + b4  Tl  
       +  b5 η  Tw  +   b6 η  Tl  + b7  Tw  Tl +  b8  η 2            

+  b9  Tw
2 +b10  Tl

2                             (12) 
 

To minimize numerical errors, students were also ad-
vised to scale the design variables into  so called coded  
variables, with values  in  [-1, 1]. 
 
Aside from the choice of polynomial, the fidelity (accu-
racy) of the response surface depends on the choice of 
domain, in particular, the size of that domain. The ana-
lytical optimum provides a starting point, so that the 
domain for testing is centered around it. If the domain 
is small, a quadratic polynomial may fit well almost 
any true function. However, variability in construction 
and flying the helicopter can introduce large errors, so 
called random errors,  in the coefficients. If the domain 
is large, the effect of noise is minimized, but a quad-
ratic polynomial may fit poorly the true function, a so 
called bias error. Students found that they needed to 
experiment with different sizes of the domain in order 
to find the best compromise between these two noise 
sources.  In the work described in this paper, a sequen-
tial series of three experimental domains were tried in a 

  



process called zooming or windowing. This process 
shifts the design domain based on the experimental 
results and the goodness of the fit of the response sur-
face.  The experiments were carried out for 15 designs 
arranged in a standard DOE pattern called face cen-
tered, central composite design. Additionally, all data 
collected was based upon the average of five flights of 
the same helicopter for each physical model con-
structed. 

  

 
The final experimental domain  utilized 

Rr   = [   7.62 cm , 12.00 cm ] 
Tw = [   3.20 cm ,   5.10 cm ] 
Tl = [   5.00 cm ,   7.00 cm ] 
 

Figures 2 and 3 graphically summarize the final ex-
perimental results comparing the original function and 
variables and the intervening ones. The figures show a 
fit to the data using only a single variable, Rr, which is 
the dominant variable. 
 
The two response surfaces utilize the same data. A 
measure of goodness of fit of the response surface to 
the data is R2 -  the fraction of the variance in the data 
captured by the response surface. A value of 1 indicates 

a perfect fit, while a value under 0.9 typically indicates 
a poor fit. For the original variables and function,       
R2= 0.7041, which indicates a poor fit, while the inter-
vening function (y = Vavg

2 Rr
2) and the intervening vari-

able (η = Rr
3) yield an R2= 0.9804. Thus the large bias 

error shown in Fig. 3 is radically reduced by introduc-
ing the variable transformations. 
 
For the final experimental design, the normalized vari-
ables are defined as 

Nu =
( Rr

3 − η mid )

0.5(η max − η min )
 

 

TW =
Tw − Tw mid

0.5(Tw max − Tw min )
  

 

TL =
Tl − Tl mid

0.5(Tl max − Tl min )
 

 
y = Rr

2 V2
avg = Rr

2 (hff / tff)2 
 
 

y =  1.0413x2 - 22.261x +  249.66
R2 =  0.7041
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Figure 2 Results of final experiments in terms of Vavg vs Rr. The data values are empirical 
results with Tw & TL design values encompassing the design domain.



 
where hff is the height that the helicopter is released 
from, and tff is the measured free fall time. When the 
data was fitted with a quadratic polynomial in the three 
variables, half of the terms in the quadratic model were 
not statistically significant based upon the t-statistic, 
which is a measure routinely calculated in most re-
sponse surface software. These terms have little influ-
ence on the function, or they cannot be characterized 
accurately enough by the data because of noise. The 
reduced quadratic polynomial is of the form 

 
y = b1 + b2  Nu  + b3  TW  +  b4  TL  +  b5  TW  TL  

 
with b1 = 1831334, b2 = 690664, b3 = 43993,           b4 
= -30626, b5 = 53573. Converting to average velocity 
 

Vavg=Rr(b1+b2 Nu+b3 TW+b4 TL+ b5 TW TL)0.5 
 
Using this expression, the Excel 5.0c Solver, yielded a  
new optimum design of 

Rr  = 9.99   cm  
Tw  = 3.20  cm 
Tl   = 7.00   cm 
Vavg = 126.9 cm/sec. 

From this information, a new physical model was con-
structed and tested. Ten replicate free fall times were 
measured yielding average time to reach the ground, tff 
= 1.613 sec., corresponding to Vavg = 125.9 cm/sec, 
with a coefficient of variation of 3.2%. 
 
The results were in superb agreement with the RSM 
predictions with a difference of 0.8%. This remarkably 
close result can be partly explained as follows. The 
optimum design, after the zooming succession of do-
mains, was located very close to the center of the do-
main  for Rr, the dominant variable. In general, with a 
central composite design, the error in the response sur-
face tends to be smallest at the center. The other stu-
dents who did the helicopter project used only one or 
two experimental domains, and consequently had sub-
stantially larger errors in their response surfaces. 
 
Recall that the initial analytical design (Table 1), had a 
measured Vavg = 141 cm/sec. Comparing the two em-
pirically derived results we have a remarkable im-
provement of 10.7 %. 
 
 

 
 

 

Figure 3 Results of final experiments in terms of Rr
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CONCLUDING REMARKS 
 
The paper helicopter problem has been invented and 
used by statisticians for demonstrating to college and 
even high school students the basic concepts of design 
of experiments and analysis of variance. Based on the 
experience gained in the Experimental Optimum Engi-
neering Design course, it is an ideal project  for teach-
ing  students the use of combined analytical and ex-
perimental techniques in product  design optimization.  
 
The paper helicopter  has  several advantages  for such 
a course. It is fairly easy and inexpensive to construct  
and test. The noise  due to manufacturing and testing  
variability  is substantial, but can be reduced  by aver-
aging or  by increasing  the number  of configurations  
tested. The analytical model is simple enough so as not 
to require  much  aerodynamic  expertise on the part of 
the students.  The model provides a reasonable  starting 
design, but it is not accurate enough to allow good de-
sign without experimental enhancement.  Finally, the 
project can be varied (so that the optimal  design cannot 
be copied from previous year reports) by selecting  
different functions for the dependence of the weight  on 
the design variables. 
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APPENDIX A - CONSTRUCTION DETAILS 
 

Construction of the helicopters was modeled around the 
approach described by R. Fricker. Design templates 
were computer designed using Microsoft Publisher and 
accurately printed with an inkjet printer. Each template  
( see example in Fig. 4) was constrained to fit on a sin-
gle 8.5 in x 11 in (standard 20 lb) sheet of paper. Addi-
tionally, as previously discussed, special rotor weight 
relationships were dictated in Eq. (6). To practically 
construct designs that fulfilled this relationship required 
some careful consideration. The approach used in this 
paper assumed that Rr0  was the smallest radius permit-
ted by the overall problem constraints. Therefore, based 
on the other extrema, it was assumed that 

Rr0 = 7.62 cm  
Wwing0 = 606.8 dyne  

Constructing rotors to meet the special weight consid-
erations, required connecting multiple paper sections 
together. It was found that fully gluing these rotor sec-
tions together significantly introduced errors in the em-
pirical data. A practical alternative to full  gluing was to 
fasten the rotor sections together using very small 1/8 
inch x 1/4 inch tape strips as illustrated in Fig. 1. These 
tape strips were used in as few places as possible. Addi-
tionally, these tape strips can be used to fasten ( and 
reuse ) the different tail configurations. This substan-
tially reduced the amount of work necessary to con-
struct the various experimental designs.

 
 

  



Rr

Bl

Tl

Tw

   11 inches

4.25 inches

Rotor

Body

Tail

 
Figure 4: Example construction template 

 

 
 

 
 

 

  


