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Abstract

A method for decoupling reliability based desigrimzation problem into a set of optimization aradiability
analysis is described. The inner reliability anmslyand outer optimization are separated and pegdrim a
sequential manner. In each iteration, the probgbitionstraints are converted into equivalent deit@gtic
constraints using the reliability analysis and tiraplemented in the deterministic optimization gesh. Numerical
results are given for an example of the developathéwork to show that the sequential RBDO convesges
obtains the objective function while satisfying tiediability constraints. The framework is testen €urviinearly
stiffened panels. The stiffeners are defined usirget of design variables that include the shagetla® size of
stiffeners. Using this framework, panel under ftmad cases, similar to the ones used in practjgplications, are
optimized while subjected to the probability coasits on buckling, stress, and crippling.
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1. Introduction

The aerospace industry continuously seeks to rettheceveight of flight vehicle structures. Theraisunending
quest for both materials and fabrication techniqtned can yield structures that are light weight gee robust,
durable, damage tolerant, and corrosion resistBmtthat end, NASA Langley Research Center and stiaee
investigating new approaches [1], such as EleatrBeiam Free Form Fabrication, to fabricate aerasgacictures
using additive manufacturing. These approachesgtwfall under the rubric of unitized structuresydanade it
possible to tailor a metallic structure, e.g. avitimearly stiffened panel, according to such opieral requirements
as high stresses and desired acoustic behavioowtithe panel undergoing buckling [2]. The flexiilthat the
curvature of stiffeners provides in addition toitHecation and orientation has made them appedbngerospace
industries. Since there was not any computatioeaigth environment available in the research/comiaetomain
for design optimization of curvilinearly stiffenedate, a framework called EBF3PanelOpt has beeeldpgd by
Unitized structures group at Virginia Tech [3].dddition to the development of optimization toal éurvilinearly
stiffened panels, due to various uncertaintiesoiiding, material properties, and geometry, an gpfat® and
efficient ways to model the uncertainties of stifld panels is also required. There is an increasatization,
derived from the experience of the nuclear indystimat designing a structure by taking into accousious
uncertainties is a more rational approach tharctineent one, using safety factor [4]. Failure irceaft structure can
have catastrophic consequences, with resultantdbdige and of the aircraft. The use of reliahjlitoncepts in
structural optimization is, thus, of vital importanin saving structural weight and, at the same timaintaining an
acceptable level of safety.

The conventional approach to formulate the RelighiBased Design Optimization (RBDO) is to utilize
double-loop optimization and uncertainty analysisioch are nested one in another and interact innergystic
manner to minimize the objective function while isigding the probability constraints. The purpose thé
optimization loop is to execute optimum search. phepose of the uncertainty analysis loop is toluwate the
design and its uncertainty characteristics. At yutaration in the outer loop, the optimizer calte uncertainty
analysis which then requires to execute many sitioms depending on the uncertainty analysis metibedsy used
e.g. Monte Carlo Methods and First and Second Orediability Methods. The computational cost asatexd with
the nested RBDO is very expensive due to the nunabesimulations for each uncertainty analysis aérgv
optimization iteration [5]. Since the double loopgedure may be computationally impractical, reseenrs have
studied several techniques to reduce the high ctatipnal expense of RBDO. To merge the double IB&DO
into one single level problem, Agarwal et al. [Gpposed to replace the lower-level inverse religbénalysis
optimization problem by the corresponding first@rdecessary Karush-Kuhn-Tucker (KKT) optimalitynddions
at the upper level optimization. The proposed fdation is implemented in an augmented design sphat



consists of the original variables and the mosbabte point (MPP) of failure corresponding to ehaihd constraint.
This formulation is mathematically equivalent tolvilng the original nested optimization if the caadt
qualification conditions are satisfied. The issuthuhis proposed formulation is that the numbedesign variables
is increased by the number of hard constraintss Tihcreases the optimization computational costerCh
Hasselman, and Neill [7] also developed anotherhotetto convert the double loop RBDO into a singlepl
procedure by approximately finding MPP of eachwctionstraint. The MPP is found by using the gnadief the
constraints and the desired safety factor.

Another way of converting the double loop RBDO imateingle loop procedure is to perform the optitiza
and uncertainty analysis sequentially. The doublepl reliability constraints are formulated as dweierstic
constraints based on the uncertainty analysis. Therequivalent constraints are used in the opétitn to direct
the optimal solution to the feasible region whielisfies the reliability requirement.

Agarwal and Renaud [8] developed decoupled mettwwdRBDO. The deterministic optimization loop is
separated from the reliability analysis loop. ThBR4& are updated during the deterministic optinopalty using a
first-order Taylor series expansion about the degigint from the preceding cycle. The sensitivitieguired to
update the MPP are obtained using optimizatioh@MPP optimal solution. Elishakoff [9] studied tteationship
between the safety factor and reliability levelsl amowed that in many cases the safety factorsbeadirectly
expressed by the required reliability levels. Hoamewince the value of safety factor does not $pélae reliability,
he reported the probabilistic sufficiency factoO]that is more related to the target reliability.probabilistic
sufficiency factor of 1.0 represents that the aodieprobability of failure is equal to the targeeolf a probabilistic
sufficiency factor is less than one, the probapitif failure exceeds the target and the designoissafe, and
probabilistic sufficiency factor larger than oneams the probability of failure is less than theyéamprobability. Qu
and Haftka [10] compared the probability of failusafety index, and probabilistic sufficiency factdhey showed
that the response surface approximation can haedtar accuracy when it is fitted to the probabdisufficiency
factor than to the probability of failure and thafety index. Furthermore, they showed that the glodistic
sufficiency factor provides more information in i@gs of low probability than the probability of faie or the
safety index.

Wu et al. [11] also proposed a safety factor ba&@B&O by converting reliability constraints to thguévalent
deterministic constraint with safety factor in thptimization cycle. Du and Chen [12] developed qusatial
RBDO methodology. In their framework, the optimipatis conducted by using the MPP of the previoesigh
point and then reliability analysis is performedufudate the MPP. The optimization and reliabilihakysis cycle is
repeated until the objective convergence and thabikity requirement is achieved. Ba-abbad ef{&8] improved
Du and Chen technique to distribute the reliabitifythe system over its components in an optima}.viia their
technique at each iteration, first, the first-ordefiability analysis is carried out to check ifighdesign has
acceptable reliability. Then, the performance measunalysis is performed to calculate the MPPsheffailure
modes. Finally, the approximate deterministic optation is conducted to find the optimum design arehsure the
maximum of the safety indices.

This research considers an efficient reliabilityséd design optimization of curvilinearly stiffenpdnels. A
sequential optimization and reliability analysisthzelology is developed that utilizes the shapesine variables as
design variables; the applied compression and simeplane loads, and the Young's modulus, all asdoan
variables. The proposed approach, first, conduuts reliability analysis to find MPPs and the prabgb of
satisfying the given constraints. Next, each prdhlgbconstraint is converted to an equivalent detaistic
constraint by using its MPP of previous iterati@y. replacing the random variables with their MP#g, current
constraint is shifted to meet the desired religbilevel. Then the deterministic shape and sizeénopation is
performed to optimize the mass of structures wh#ésfying the equivalent constraints on bucklisgess, and
crippling.

A method for decomposing the shape and size omtiniz problem is utilized to improve the efficienand
accuracy of developed framework. In the two-stefingipation algorithm, the shape and size optim@atrocess is
divided into two parts, the first part involves @alation of the best stiffener curve that givesrteximum buckling
load subjected to stress and crippling constraamtd,the second step consists of a sizing optimizathile keeping
the stiffener curve unchanged to minimize the métste satisfying the buckling, stress, and cripgloonstraints. It
is necessary to employ an iterative approach betwee steps in order to obtain an accurate optirslit. The
updated design variables obtained by determinigfitmization are fed to the reliability analysis fiod the
probability of safety and update the MPPs. Themjgtition and reliability analysis cycle are repdatmtil the
objective function is converged and the probalilisbnstraints are satisfied. The sequential RBRénéwork
employsEBF3PanelOpt, a Computational Design Environment for panel vaitinvilinear stiffeners, to analyze the
structures EBF3PanelOpt is developed in a PYTHON programming environm@ifite finite element commercial



software, Msc.PATRAN and Msc.NASTRAN are used trapaetrically create and analyze a detailed fingenent
model of curvilinearly stiffened panels.

The developed sequential RBDO framework also esliDAKOTA, Design Analysis Kit for Optimization and
Terascale Applications, for reliability analysisdadesign optimization. The present study includesumber of
numerical examples to discuss the optimal desigrcwilinearly stiffened panels subjected to pralistic
constraints. In these examples, various combinatafioading conditions such as uniform, linearbrying, and
parabolically varying in-plane compression and shaads are taken into account as random variables.

2. Reliability Based Design Optimization Framewor k

For deterministic design optimization, all the im@mt parameters influencing the system are assuméa
well defined with known values. For stiffened pandhese parameters could include panel loadingnasterial
properties. Traditionally, uncertainties are acdedrfor by using safety factors in the design psscé&his approach
often leads to overdesigning the system and the meenclude uncertainty in designing the systercolbees
important and Reliability-based design optimizati®being increasingly accepted by the industryweleer, RBDO
encounters computational issues when it is appieeh complex engineering design. Performing a baiig
analysis for a given structures requires repedtiegstructural analysis for different sets of ramdeariables, which
can be computationally very expensive when usingerical methods such as finite element analysisrdier to
reduce the computational time of RBDO, the framdwoan be reformulated by converting the probalulist
constraints into equivalent deterministic constigifill] and [12].

To perform the RBDO efficiently rather than utiigy the commonly used double-loop framework, the
deterministic optimization and the reliability aysis are decoupled from one another. Various teghas have been
developed to decouple the optimization and theabdity analysis. One of these techniques is thguential
optimization and reliability analysis (SORA) [12The main idea behind SORA is to perform optimizatloy
applying the equivalent deterministic constraiimsfead of using the reliability constraints. Thmnstraints on the
probability of satisfying constraints of a stru@uwan be converted to the equivalent determingiitstraints by
using the MPPs at the desired level of safety.

Most Probable failure Point (MPP) is the desigmpthat has most significant contribution to thelability of
failure [14]. The MPP is defined in a standardizm®d independent coordinate system. In the transfibom
procedure, the design vectris transformed into the vector of standardizedgpendent Gaussian variablés,
Generally MPP calculation can be formulated asgimazation problem:

( findU
min 8 = (UTU)"2 1)
s.tg(U)=0

The shortest distandgefrom the origin to a point on the limit-state sagé,g(U), is called reliability index [15].
Typical MPP-based reliability analysis methods e first and second order reliability methods (MGBORM).
To calculate the probability of failure using FORiMd SORM, first, MPP needs to be found. After fimgdthe MPP
and reliability index using Eq. (1), FORM and SORproximate the probability of failure by usingsfior second
order Taylor series expansion of limit state fumetat the MPP. For MPP based sequential RBDO, ahdam
variables are replaced with their MPPs, thereftine, deterministic constraints are shifted to méet desired
reliability level. The calculated MPP is improvedtea each iteration to provide an accurate MPP tfue
deterministic optimization.

Based on the sequential optimization and religbdibalysis technique, an RBDO framework is devetofoe
curvilinearly stiffened panels, Figure 1. Since deterministic optimization of curvilinearly stified panel is
computationally expensive, first the reliability adysis of initial design d°) is conducted to find the MPP
corresponding to the desired reliabilitR)( Then the constraints are evaluated at MPP, aed @as equivalent
deterministic constraints in optimizatiorg;(d, Xypp).The deterministic optimization is conducted usitig
equivalent constraints to find the optimum desi@nce the optimum is found, the reliability analyisiperformed
at current optimum to find the updated MPPs and aklculate the probability of satisfying consttajrP,. If
objective function is not close to one obtainedhia previous iteration or some constraints areatéal, the iterative
procedure will be continued until the objective dtion converges, the probability of satisfying doaits is larger
than the desired system probability of safety, #mel MPP also converges. In order to reduce the eurob
optimization iterations and find the optimal desfgster, the optimum design obtained in the previtberation is
given as the initial design for the current optiatian cycle.



3. Reaults

In this section, results for a test case, shomrool, two cases of curvilinearly stiffened panelsjected to uniform
shear and compression in-plane loads, and two aafsearvilinearly stiffened panels subjected toeknly and
parabolically varying shear and compression aregmied. The test case considers RBDO of a rectanghbrt
column with cross-sections design variables, apdafiplied loads and the yield stress as randorablas. Finally,
the application of developed RBDO framework forilimearly stiffened panels is demonstrated. Thaeigie
variables include the shape and size variable iffeis¢d panels, and the in-plane loads and youngutus are
defined as random variables. To find out the eftéah-plane load variations on the optimal masshef panel, we
carried four different sets of in-plane load distitions.

3.1Short Column

This test problem involves the plastic analysis dagign of a short column with rectangular crossiee (widthb
and depth) having uncertain material properties (yield Pdsand subject to uncertain loads (bending monvent
and axial forcd?), Cheng et al., 2006. The objective and limitesfainctions are defined as:

f(d)=b.h
_ P )
bh2Y  (bhY)?2

Gd,X)=1

The distributions foP, M, andY are Normal (500, 100), Normal (2000, 400), andrargnal (5, 0.5), respectively,
with a correlation coefficient of 0.5 betwefnandM. An objective function of cross-sectional area anthrget
reliability index of 2.5 (cumulative failure probifity P < 0.00621) are used in the design problem:

min f(d)

s.tf =25 3)
50<b <150
15.0 < h < 25.0

First, the reliability analysis of initial desige performed to find the MPP corresponding to theirdd target
reliability index of 2.5, see iteration zero in kig 2. Next, the constraintg(d, X) are evaluated at MPP, and used
as equivalent deterministic constraints in optii@a G(d, Xypp). Once the optimum is found, the reliability
analysis is performed at current optimum to find tipdated MPPs and also to calculate the relipbiidex. It is
noted from Figure 2 that the error of the reliabiindex is less than 0.5% after the first iteratiand the second and
third iteration is conducted to guarantee the coyemce of the objective function. The optimal dasigom
sequential reliability design optimization and twmnparison of performance are shown in Table 1.

3.2Curvilinearly Stiffened Panels Subjected to Uniform Shear and Compression I n-plane L oads

A simply supported rectangular plate of size 0.4868.5080m with material properties listed in TaRBlés
studied under combined uniform shear and compnessidie baseline panel configuration, loading, niaker
properties, and design constraints are represeatafitypical aircraft structure for this designtiopzation study.
All panel analyses, with or without stiffeners, @erformed with NASTRAN using EBF3PanelOpt. Thédfestied
panel geometry and mesh are regenerated for eagfndpoint analysis during optimization. Relialyilibased
design minimizes the mass of courvilinearly stifdnpanel subjected to the constraints on bucklibg (
Kreisselmeier and Steinhauser (KS) and the crigp{in.). The desired probability of safety (R) for allsea is
0.9998.

The first load case (L1) studied is a 0.508x0.406tiffened panel under combined shear and compresgith
dominant compressioNY/NXY = 4.36). NY and NXY are normally with a mean of 308 kNand 71 kN/m,
respectively and 15% coefficient of variation (COVhe distribution for E is lognormal with a mean/8 GPa and
1% COV. The second load case (L2) has smaller dtishear and compressive load magnitudés/(VXY =
1.13). In this load case NY and NXY are normally distried with a mean of 152kN/m and 134kN/m, respebtiv
and 15% COV. The distribution, mean, and covaridoc& are similar to previous case.
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Figure 2: Iteration history of the sequential optimization and reliability analysis of short column

Table 1: Reliability design optimization of short column

mass Reliability index *NFE
Bi-level approach 216.82 2.503 136
(Cheng et al., 2006)
Sequential RBDO 216.7 2.500 72

*NFE is the number of function evaluation



Table2 Material propertiesof curvilinearly stiffened plate

Modulus of Elasticity 73x10 Pa

Density 2795kg/m’
Poisson’s Ratio 0.33

Yield stress 427.4MPa

Following the sequential RBDO scheme presentethénprevious section, the iteration histories fada@ase one
are shown in Figure 3 (L1). It is shown that bdbe ptimization and reliability analysis convergdter two
iterations. The panel weighs 2.031 kg, which ighliy lighter than the deterministic optimum of 220kg. The
applied loads for deterministic optimization areaied after applying a factor of safety of 1.3He limit loads and
the panels are designed for that loads. The detestici optimum configuration is shown in Figure l41). The
optimum objective, probability of safety, and shapel sizing design variable values for RBDO anctaeinistic
optimization are shown in Table 3 (L1). A few oh&#ions are of interest here. First, since in tvelied case the
compression is the dominant load, using an appatgpsgafety factor (here it is 1.5) can give thdérddsprobability
of failure, as can be seen in Table 3. When themnly one important random variable, the safetyoi@ can be
directly expressed by the required reliability lsveHowever, in many cases, there does not exigllaionship
between the safety factor and reliability levelsurthermore, the buckling constraint is active foottb
configurations, which yield closely optimal results

The optimum configuration and iteration histories the second load case are shown in Figure 34h@)the shape
and sizing design variable values obtained fromueetijal RBDO and the related final optimum mass] an
probability of safety for three constraints arewshadn Table 3 (L2). The deterministic optimizatioesult for the
second load case using a factor of safety of 1@résented in Figure 4 (L2). The optimum mass efphnel is
1.746kg, which is slightly lighter than the detenrstic optimum of 1.794kg with the probability cdfety 0.9999.
For the second load case, the compression and ateeboth important and one cannot be ignored.€fbes, using
same safety factor for both loads may not resuthandesired probability of failure and optimum mabtained
using RBDO. By comparing the sequential RBDO Fig8ré 2) and deterministic optimization Figure 4 JL&
further becomes evident that the deterministic rojataition using safety factor did not yield the RBODal
configuration. It is important to note that changthe safety factor would change the shear and rEsan loads,
but it does not change their ratio, and conseqyéntnly changes the size variables while haviogeffect on the
shape variables. The final configuration of cunsglar stiffeners is governed by the ratio of theashend
compression loads rather than their magnitudes.

3.3 Curvilinearly Stiffened Panels Subjected to Non-Uniform Shear and Compression In-plane L oads

It is seen from the results shown in the previaussection that the influence of ratio of shear emehpression loads
on the final results is substantial. Furthermotds ialso important to understand the influenceahef additional

random variables, such as the linearly and parabmaliying loads, and study their effect on the mptimass and
probability of safety. In this subsection the clingarly stiffened panels under shear and compradsiads with

linearly and parabolically varying random distriloumts is studied. The rectangular panel has samerdiibns and
boundary conditions as discussed in previous stibseut is subjected to different loading conditid he linearly

load distribution (L3) and parabolic load distritout (L4) are shown in Eq. (4).

2x

Ny = Ny1 + Nyz (1 - 7)

. 2x
Linear Load Case:{ Nyy = Nyy; + Nyy, (1 - —)

a

2y
UVXY = Nyy1 + Nxy2 (1 - 7)
Ny = Nyy + N (1 2x)+41v a2 @
Yy — Y1 Y2 a Y3 a( a)

. 2x X X
Parabolic Load Case:{ Ny, = Nyyq + Nyy, (1 - 7) + 4Nyys3 p 1- E)

2y Y. Y
Nyy = N, N 1——)+4Ngy;=(1—=
\Nxy = Nxy1 + XYZ( P ) + XY3a( a)



As can be seen, for the linear load case, two nandariables are defined for each of shear and cesspn loads.
NY1 and NXY1 are normally distributed and uncortethwith a mean of 152kN/m and 134kN/m, respectieeld
15% COV, and NY2 and NXY2 are normally distributedh a mean of zero, and the standard deviatids®tsof
means of NY1 and NXY1, respectively.

The distribution, mean, and covariance for E anglar to previous subsection. Starting from aniahitiesign that
satisfies all the constraints, the sequential RBB@arried out for the third load case and it coged in three
iterations with 33270 analyses. The history of dfigective function and reliability constraints witespect to the
iteration number are shown in Figure 5 (L3), aneldiptimal design variable values and mass aloniy pvidbability
of safety are presented in Table 4 (L3). By commafrigure 4 (L1) and Figure 5 (L3), it is seen ttka optimal
design for linearly varying load case and thosaioled for uniform load case are similar to eacletivhich is due
to the small influence of load variation on struatuesponse.

As for the parabolic load distribution, three randwariables are defined for each of shear and cesspn loads.
NY1 and NXY1 are normally distributed with a meahnl62kN/m and 134kN/m and 15% COV, NY2 and NXY2
are normally distributed and uncorrelated with aamef zero, and the standard deviation is 5% ofnsied NY1
and NXY1, and NY3 and NXY3 are normally distributadd uncorrelated with a mean of zero, and thedatain
deviation is 2% of means of NY1 and NXY1.

Table 4 compares the optimal design variables,ctibge function, probability constraints, and numbéiterations
of two load cases (L3 and L4) achieved by the setipleRBDO. Note that, as expected, the parabdjicairying
load case has objective function values larger farly varying load case which is due to theseffof third
variable in the parabolic load distribution. Howewas shown in Figure 5, the stiffeners layouts iole for two
load cases are similar to each other. This carxplieed by the fact that the first variable in t@mpression and
shear loads (NY1 and NXY1) are dominant and thgyeapto be governing the final optimal layout ahe other
parameters (NY2, NXY2, NY3, and NXY3) change theesiariables and consequently the weight of stractu

Table 3: Optimum mass, constraint and design variable obtained for (L1) NY/NXY = 4.36 (L2)
NY/NXY =1.13

Variable No. Deterministic | Sequential Deterministic | Sequential
Optimization RBDO Optimization RBDO
(L1) (L1) (L2) (L2)
x1 0.0861 0.5806 0.6417 0.6393
X2 0.2052 9.8569 0.0361 0.7125
X3 0.2484 0.6736 0.2437 0.3899
x4 0.6403 0.1479 0.0651 0.0480
x5 0.1412 0.6481 0.1339 0.5619
x6 0.6613 03642 0.8111 0.3642
X7 0.7401 0.3123 0.7497 0.6698
x8 0.5812 0.0725 0.5701 0.1392
X9, m 0.0321 0.0318 0.0325 0.0318
x10, m 0.0428 0.0324 0.0317 0.0390
x11, m 0.0031 0.0031 0.0027 0.0026
x12, m 0.0024 0.0025 0.0021 0.0021
x13, m 0.0021 0.0021 0.0020 0.0020
Mass,kg 2.0324 2.0316 1.7941 1.7455
Prob[A(d,X) < 1] 0.9998 0.9998 0.9999 0.9998
Prob[KS(d,X) < 1] 0.9999 0.9999 0.9999 0.9999
Prob[(o..(d,X) <1] | 0.9999 0.9999 0.9999 0.9999
Number of evaluations 10447 20849 11637 33270




4, Conclusion

An efficient reliability based design optimizatidramework is studied. A sequential optimization aptability

analysis methodology is developed. The sequenB®, first, conducts the reliability analysis tadi MPPs and
the probability of satisfying the given constrainiext, each probability constraint is convertedato equivalent
deterministic constraint by using its MPP of preagateration. Since the changes in size and shapables during
the optimization process result in different kinds changes to the structure’s performance, a metlood
decomposing the shape and size optimization prokitemtilized to improve the efficiency and accuracfy
developed framework. In the two-step optimizatidgo&dthm, the shape and size optimization procssdivided
into two parts, the first part involves calculatiohthe best stiffener curve that gives the maximwnkling load
subjected to stress and crippling constraints,thadsecond step consists of a sizing optimizatibitlenkeeping the
stiffener curve unchanged to minimize the massewiitisfying the buckling, stress, and cripplingstoaints. The
present study includes a test case, short coluwm,ctises of curvilinearly stiffened panels subjédt uniform
shear and compression in-plane loads, and two aafsearvilinearly stiffened panels subjected toehinly and
parabolically varying shear and compression.
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Figure 3: Iteration history of massand probability of safety (L1) NY/NXY = 4.36 (L2) NY/NXY =
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Figure 4: Deter ministic optimum configuration (L1) NY/NXY = 4.36 (L2) NY/NXY = 1.13

Table 4: Optimum mass, constraint and design variable obtained for linearly (L3) and parabolically
(L4) varying load cases

Variable /] Sequential | Sequential | Variable / Responsg Sequential | Sequential
Response RBDO (L3) | RBDO (L4) RBDO (L3) RBDO (L4)
x1 0.6363 0.6337 x10, m 0.0324 0.0322
X2 0.6956 0.6258 x11, m 0.00266 0.0027
x3 0.3524 0.3727 x12, m 0.0022 0.0020
x4 0.0518 0.034 x13, m 0.0020 0.0021
x5 0.1339 0.1284 Mass, kg 1.7334 1.7404
X6 0.4556 0.5768 Prob[A(d,X)<1] 0.9998 0.9998
X7 0.6910 0.7586 Prob[ KS(d,X)<1] 0.9999 0.9999
x8 0.5530 0.5550 Prob[(o_cc (d,X)<1] | 0.9999 0.9999
x9, m 0.0321 0.0325 Number of 33632 36557
evaluations
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Figure5: Iteration history of mass and probability of safety for linearly (L3) and parabolically (L4)
varying load cases



