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1. Abstract
This paper presents a model to provide probabilistic outputs for a support vector machine classifier.
Given a set of evaluated samples and a trained SVM boundary separating the samples into two classes,
the model provides the probability of belonging to a certain class at any point. Unlike prior probabilis-
tic SVM models, the proposed model considers the correlation to evaluated samples for predicting the
probability. The proposed model is compared to prior models using an error measure, and is used to
calculate the probability of constraint violation. This probability is used in the handling of constraints in
efficient global optimization; the objective function is approximated using Kriging while the constraints
are defined using an SVM and a PSVM that provides probability outputs for the trained SVM. Also, the
probability of constraint violation is used to define confidence bounds of a desired level on a probability
of failure. The proposed constraint handling method is classification-based and does not involve response
approximation; this approach alleviates issues due to discontinuous or binary responses. Multiple con-
straints (uncorrelated or correlated) can be defined using a single SVM. Several numerical examples and
a crash problem are presented to demonstrate the method.
2. Keywords: probabilistic support vector machines, efficient global optimization, failure probability
confidence interval, binary and discontinuous responses, multiple failure modes and constraints

3. Introduction
With increasing complexity of engineering designs, their evaluation, whether using a physical test or a
computational code, is becoming increasing expensive. As a result the cost of optimization and reliability
assessment, which require repeated function evaluations and are important steps in engineering design,
has also increased. Therefore, it is important to limit the number of samples (design instances) required
to locate an optimal design or to assess the reliability of a design. Much importance has been received
by metamodel-based methods in the literature [1–7] to achieve that goal.
Metamodels are used to replace the actual expensive model by building an approximation of the response
values. Only a few samples evaluated through the actual model can be used to construct the metamodel,
which can then be used to predict the response value at any sample. If the metamodel is accurate,
several standard optimization algorithms or reliability assessment methods are available that can provide
accurate results by repeatedly evaluating the metamodel at various design configurations. However,
the more difficult part is to construct an accurate metamodel using a few samples. Quality of the
samples has an important role in the accuracy, and it is therefore important to select them strategically.
Adaptive sampling techniques have been developed for that purpose [3, 8]. One such technique for
optimization is efficient global optimization (EGO) [8], which is an attractive method for accurately and
efficiently performing global optimization. For reliability assessment also adaptive sampling methods
have been developed [9–11]. Metamodel-based methods are however hampered in certain cases. Some of
the potential issues are as follows.

• presence of discontinuous responses hampers the accuracy

• presence of multiple constraints or failure modes makes the process more complex and expensive

• Presence of binary or hidden constraints. Failure region may be defined based on the inability to
obtain a response. Thus, no approximation is possible in the failure or infeasible region.
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To address the above issues, classification has been used instead of approximation to construct a boundary
separating the feasible (or safe) and infeasible (or failure) regions. The boundaries are constructed using
methods such as convex hulls [12], support vector machines (SVM) [13] etc. Instead of predicting the
constraint response values over the entire design space, the goal is to simply predict whether or not
the response is greater than a threshold. This subtle difference has the potential to alleviate several
issues faced during response approximation using metamodels, as it only requires the class of a sample
and not the actual constraint function values. For example, in problems with hidden constraints, the
failed samples are assigned to the failure class even though the actual constraint function values are
unavailable [14,15].
Support vector machines [16,17]have become popular tools for classification of data, and are used in this
article. However, one of the limitations is that they do not provide probabilistic confidence measures for
the class predictions. This has implications for both optimization and reliability assessment:

• For constrained EGO, constraint violation probability is required in most formulations. Not having
probabilistic outputs restricts the use of such sampling strategies.

• The probability of failure calculated based on the classification boundary may not be accurate if
training samples are limited. It is desirable to have confidence bounds on the probability.

The above issues can be addressed if probabilistic outputs can be obtained using the trained SVM clas-
sifiers. This is achieved using probabilistic support vector machines (PSVMs) [18,19], which provide the
probability of belonging to a certain class at any point. However, the existing PSVM models do have
certain limitations due to the way in which proximity to existing samples is considered while predicting
the probabilities. One of the goals of this article is to address this issue by proposing a new model. The
effect of an evaluated sample at any point is assessed based on the value of correlation or kernel function.
The probabilities are then calculated based on the cumulative effect of all samples.

The proposed PSVM model is used to quantify the probability of constraint violation, and is imple-
mented within a constrained EGO formulation to select samples for locating the optimal solution [15].
The objective function values are predicted using Kriging and the constraints are handled by a single
PSVM (for multiple constraints also). In another aspect of this article, the proposed PSVM model is
used to provide confidence bounds on the probability of failure. If the available sampling data is limited,
the proposed method can be used to provide a conservative probability of failure with desired level of
confidence [19].

The organization of this article is as follows. Section 4 presents the background of different methods
used in the article. In section 5, the proposed correlation based PSVM model is presented. Section
6 presents the proposed methodology for EGO using PSVM constraints. In Section 7, the calculation
of confidence bounds for failure probability is explained. An error measure to quantify the accuracy
of PSVM models is presented in Section 8. Finally, example problems are presented in Section 9. A
comparison of the PSVM models is provided in Section 9.1. In Section 9.2, the proposed PSVM model
is applied to provide confidence intervals on the probability of failure of a car crash example. In Section
9.3, examples of constrained EGO using the proposed method are provided.

4. Background

4.1. Efficient Global Optimization
Efficient global optimization (EGO) is an attractive tool for optimization that balances the search for
sparse region in the space and regions that are already known to yield a good solution (low objective
function). It was originally proposed for unconstrained optimization, and shown to work very effectively
to locate global optima. In more traditional metamodel-based optimization, an approximation of the
objective function is created and it is then used to predict the objective function values at other points
and to locate the optimum. In EGO, the basic idea is to not only consider the predicted values of the
response functions, but also their predicted variance at a point. A balance is then obtained, using an
expected improvement (EI), between the need to exploit the regions of space with good prediction values
and to explore sparse regions with lack of data that may have inaccurate current metamodel predictions,
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and can potentially provide better solutions. The metamodel used generally for EGO is Kriging, more
details of which can be found in [20–23]. Kriging provides a measure of the prediction mean as well as
the variance of a response function wact(x). At any point x, the mean prediction µw(x) and variance
σ2
w(x) of the response are:

µw(x) = h(x)Tβ + r(x)TR−1(w − Fβ) (1)

σ2
w(x) = σ2

Z −
[

h(x)T r(x)T
] [ 0 FT

F R

]−1 [
h(x)
r(x)

]
(2)

where σ2
Z is the variance of the Gaussian process Z used for the approximation, r(x) is the vector of

covariance between x and all the training samples, R is a matrix consisting of the pairwise covariances
between all the samples, w is the vector of response values at the N samples, and F is a matrix with its
ith row given by the trend h(xi)

T (e.g, a linear trend as used in this work) calculated at the ith sample
and β is the vector of trend coefficients. A widely used form for the correlation function R [24] used to
give the correlation between any two points is the Gaussian correlation function:

R(a,b) = e−
∑m
i=1 θi|ai−bi|

2

(3)

where m is the number of dimensions and θi, determined based on maximum likelihood [8, 22], is the
scaling parameter for the ith dimension.
The expected improvement (EI) used in EGO is the expected value by which the predicted objective
function value is lower than the current minimum:

EI(x) = E [I(x)] = E [max (0, w? − w(x))] =

∫ w?

−∞
(w? − w)fŵdw (4)

where w? is the current minimum and w is a realization of ŵ, fŵ is the normal probability density function
of the Kriging model ŵ at point x. Figure 1 provides an example of “probability of improvement”. For
a Gaussian process model, EI can be expressed analytically [23]:

EI(x) = (w? − µw(x))Φ

(
w? − µw(x)

σw(x)

)
+ σw(x)φ

(
w? − µw(x)

σw(x)

)
(5)

where φ and Φ are the standard normal probability density function and cumulative density function
respectively.
The maximization of EI balances exploration of sparse regions and exploitation of regions with low
objective function values, and presents an efficient scheme to select samples for unconstrained global
optimization. The point with the maximum expected improvement is evaluated sequentially to update
the Kriging model.
Several variations and improvements of the EGO sampling criterion can be found in the literature [25–31].
These works introduce notions such as generalized expected improvement [27], parallel evaluation of
samples [30, 31], or use of EGO with other metamodels than Kriging [32]. The handling of constrained

w?

x? x

P (ŵ(x) ≤ w?)

Evaluated sample

Gaussian process model
Objective function

Figure 1: Depiction of the probability of improving the current minimum x?.

optimization problems with EGO is more involved, as it has the added complexity of approximating the
constraints (which can be multiple), and is an area which has scope for improvement. In order to include
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constraints in the optimization, several EGO formulations have been proposed, such as the multiplication
of EI with the probability of feasibility calculated using a Kriging approximation for each constraint [25],
the penalty method [26], the maximization of EI with samples constrained to lie in the feasible space
defined based on the mean values of the Kriging models for the constraints, and the use of the “expected
violation” [33].
One of the issues that impacts constrained EGO methods adversely arises when multiple constraints are
present. When the constraints are correlated, the computation of the probability of feasibility requires
information about the correlation that is often not available. In many practical applications, this is a
problem as the constraints (e.g., responses of a system) might indeed be correlated. Another issue is the
presence of discontinuous or binary constraint functions. In some cases the constraint function returns
values only for the feasible space. Also, sometimes only pass or fail information is available instead of
a constraint function value. These issues can resolved if constraint boundaries are handled as binary
classifiers. Recently, indicator Kriging, random forest classifiers and PSVM have been used to address
these issues [14, 15, 34, 35]. In this article, these issues are addressed using a PSVM based approach. A
modified PSVM model is presented in Section 5 for this purpose. Section 6 presents the sampling strategy
for PSVM-based EGO.

4.2. Probability of failure
Probability of failure calculation, like optimization, requires repeated function evaluations. It is given by
the integral of the joint probability density function of the random variables over the failure domain:

Pf = P (g(x) ≤ 0) =

∫
Ωf

fX(x)dx (6)

Calculation of the above integral is not straightforward as the failure domain can be irregular and is
not known explicitly in general. One of the most basic methods to calculate failure probabilities is
Monte Carlo Simulations (MCS), in which a large number of samples based on the probability density
functions of the variables are generated. The fraction of Monte Carlo samples in the failure region gives
the probability of failure. The accuracy of the probability of failure depends on the level of the true
probability and the number of Monte Carlo samples. The confidence interval of failure probability is
given as :

CI =

[(
Pf − κPf

√
1− P tf
NMCP tf

)
,

(
Pf + κPf

√
1− P tf
NMCP tf

)]
(7)

where κ is a factor obtained from the standard Normal distribution table. κ = 1.96 for 95% confidence.
In general Nmc needs to be a large number, and it is not practical to evaluate all the Monte Carlo samples
using the actual function evaluator. Therefore, the failure boundary is often approximated based on fewer
samples, and the class of Monte Carlo samples is determined based on the approximation. In this article,
the boundaries are approximated using SVM presented in Section 4.3. A method to calculate confidence
bounds of the probability of failure is presented in Section 7.

4.3. Support Vector Machines
Support vector machines are statistical learning tools that can be used for classification or regression. In
the context of defining a boundary (e.g. constraint or failure boundary), one can simply use classification
without approximating the response values over the entire space. An SVM classification boundary sepa-
rates the design space into two regions labeled as +1 and -1 (e.g. failure and safe region) . The boundary
is given as:

s(x) = b+

N∑
i=1

λiyiK(xi,x) = 0, (8)

where N is the number of training samples with known class, xi is the ith training sample, λi is the
corresponding Lagrange multiplier, yi is the class that can take values +1 or −1, K is a kernel function,
and b is the bias. λi and b are obtained from the the solution of a nonlinear SVM training optimization.
The class of any point in the space is determined by the sign of s(x). All training samples have |s(x)| ≥ 0,
unless no such solution exists and a relaxed optimization is solved.
One of the commonly used kernel functions Gaussian radial basis function is used in this work:

K(xi,x) = exp

(
−||x− xi||2

2σ2

)
(9)
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For more details on SVMs, the reader is referred to [16,17,36,37].

4.4. Probabilistic support vector machines
The s(x) = 0 isocontour represents the SVM classification boundary separating the =1 and -1 classes.
Also, |s(x)| < 0 regions are usually empty, i.e. do not have any training samples. Apart from that, the
value of SVM does not provide much intuitive interpretation. PSVMs, unlike SVMs, provide probability
outputs between 0 and 1 that represent the probability of belonging to a certain class at any point in the
design space. The most common PSVM model is based on the sigmoid function using SVM values [16,18].
For a given sample x, the probability of belonging to the +1 class is:

P (+1|x) =
1

1 + eAs(x)+B
(10)

The parameters A (A < 0) and B of the sigmoid function are found such that the likelihood is maximized
[18,38].
The model in Eq. (10) has some obvious limitations that were addressed in [15,19] using a distance based
PSVM.

P (+1|x) =
1

1 + e
As(x)+B

(
d−(x)

d+(x)+δ
− d+(x)

d−(x)+δ

) A <
−3

min(smax,−smin)
, B < 0 (11)

where d−(x) and d+(x) are the distances to the closest −1 and +1 samples. δ is a small quantity (set
to 10−10 in this work) added in order to avoid numerical issues at the evaluated training samples. smax
and smin are the maximum and minimum values of the SVM calculated at the training samples. The
distance-based PSVM model is therefore dependent on the SVM values, but it does not disregard the
spatial distribution of the samples. Unlike Eq. (10) it does not predict a non-zero P (+1|x) for training
samples belonging to the −1 class.
In this work, an improvement over the distance-based PSVM model is proposed in Section 5, which is
then used for two purposes - to calculate the probability of feasibility for use in a constrained EGO
solution, and to provide confidence bounds on probabilities of failure.

5. Correlation-based probabilistic support vector machine

The distance-based PSVM in Eq. (11) provides a way to consider both the SVM values and spatial
positions of training samples. However, one of the limitations lies in the way in which the distances are
considered in the model; it only considers the ratio of the distances to the closest +1 and -1 samples from
the point under consideration. It does not take into account the cumulative effects of all the samples in the
proximity. As a result, the probability of misclassification may not vanish even in heavily sampled region
belonging to a single class. To overcome this issue and to provide more realistic probability outputs, a
modified PSVM is presented in this section that uses a correlation function, the same as SVM kernel, to
measure the effect of a sample at any point in the design space. The correlation, given by the Gaussian
radial basis function, is highest at the basis center or the sample and reduces as the distance increases.
The cumulative effect of all the samples is considered in the PSVM model:

P (+1|x) =
1

1 + eAs(x)+Bρ(x)
A <

−3

min(smax,−smin)
, B < 10−3

ρ(x) =

N∑
i=1

yi tan
(π

2
K(x,xi)

)
(12)

At any +1 sample, P (+1|x) = 1 and at any −1 sample, P (+1|x) = 0.

x→ xi ⇒ K(x,xi)→ 1⇒ ρ(x)→ yi∞

P (+1|x) =
1

1 + expAs(x) +B(yi∞)
=

1

1 + exp−(yi∞)

yi = 1⇒ P (+1|x) = 1 yi = −1⇒ P (+1|x) = 0 (13)
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6. EGO using PSVM constraints

In this section the methodology for EGO using PSVM-based constraints is presented. Because the
method is based on classification, it overcomes the issues of discontinuous or binary responses. Multiple
constraints can be treated with a single PSVM.
The basic methodology is similar to [15]; except for modifications in the sampling criteria and the PSVM
model. One sample is added based on the objective function improvement function in each iteration.
In addition, samples having high probability of misclassifiction by the SVM are added locally in sparse
regions around these ones. All the samples selected during an iteration are evaluated in parallel. Overall
four types of samples are used, three of them being based on the objective function improvement function
and evaluated alternatively:

1. Constrained EI maximization:

max
x

EI(x)

s.t. P (+1|x) ≥ δpp (14)

This criterion is used at alternate iterations along with Eq. (15). The first and third samples in a
cycle of five iteration are selected using this criterion. The initial value of δpp is 0.5. It is relaxed
by 0.05 is no solution is found, until a limit of probability of feasibility equal to 0.2.

2. Maximization of the product of EI and P (+1|x):

max
x

EI(x)P (+1|x) (15)

The second and fourth samples in a cycle of five iteration are selected using this criterion. This
criterion is not constrained by the probability of feasibility, and can explore regions in the infeasible
space with high EI, potentially leading to a faster location of the optimal solution. On the other
hand, this may lead to too much sampling away from the SVM boundary and not improve the
solution - if the EI term dominates, the infeasible region may be heavily sampled and if the prob-
ability term dominates then the feasible region may be heavily sampled away from the boundary.
Therefore, this criterion should be used along with other criteria, such as Eq. (14) and Eq. (16).

3. Maximization of the product of probability of improvement and P (+1|x):

max
x

P (I(x) > 0)P (+1|x) (16)

Every fifth sample in a cycle of five is selected using this criterion. This sampling criterion has a
more intuitive interpretation compared to Eq. (16). It represents the mximization of probabilities
of improving the objective function and locating a feasible sample at the same time (considering
the two are independent).

4. Auxiliary sample for local SVM boundary refinement - maximum minim distance with misclassi-
fication probability greater than 0.5: These samples are added to investigate the local refinement
of the SVM constraint boundary approximation around the current best predicted solution. After
a sample is found using one of the above criteria, np additional samples are added in its vicinity
in a hyperspherical update region. In this work, np is equal to the problem dimensionality m. At
iteration k, the radius Rku of the update region is selected such that it consists of at least one sample
from either class:

Rku = max (d+, d−) (17)

where d+ and d− are the distances to the closest +1 and −1 samples from the center of the hyper-
sphere.

The optimization problem to locate an auxiliary sample is:

max
x

d(x)

s.t. Pm(x) ≥ 0.5

||x− xc|| −Rku ≤ 0 (18)
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where d is the distance to the closest training sample and xc is the center of the hypersphere. Pm
is the probability of misclassification defined as:

Pm(x) =

{
1− P (+1|x) s(x) ≥ 0
P (+1|x) s(x) < 0

(19)

The value of 0.5 used for the probability of misclassification corresponds to samples on or close to
the SVM.

7. PSVM-based confidence intervals for failure probability

The confidence interval of MCS in Eq. (7) is calculated based on the assumption that theNmc Monte Carlo
samples have been evaluated using the actual function (e.g. finite element analysis, physical test etc.),
and their class (safe or failed) is known without any uncertainty. However, when using approximations,
the accuracy of the failure boundary depends on the quality of the samples and the surrogate model.
As a result, the boundary approximation stage introduces additional uncertainty, and Eq. (7) is no
longer valid. In this section, a modified estimate of the probability of failure bounds is presented in the
context of support vector machine boundaries. The bounds can be calculated for any desired level of
confidence. This is made possible through the use of PSVM. To find the αu% upper confidence bound
of the failure probability a probability of misclassification is considered for any point for which s(x) > 0
and P (+1|x) < αu

100 :

Pub =
N(s(x) ≤ 0)

Nmc
+

Nmc∑
i=1

ψ(x)

ψ(x) =

{
1− P (+1|x) P (+1|x) < αu

100 ∩ s(x) > 0
0 otherwise

(20)

To find the αl% lower confidence bound of the failure probability, a probability of misclassification is
considered for any point for which s(x) < 0 and P (+1|x) > 1− αu

100 .

8. Error measure of PSVM models

An error measure to compare PSVM models is presented in this section. In the case where the actual
limit-state function is known, P(+1—x) is known for any point and is equal to 0 or 1. Therefore the
error of the PSVM model can be calculated at any point. A large number of uniform test samples are
used for this purpose. The probability of misclassification for the ith test sample is:

Pmisc (xi) =

{
1− P (+1|xi) yi = +1
P (+1|xi) yi = −1

, (21)

where xi represents the ith test point with class label yi. A low probability of misclassification for the
test points is an indicator of a good PSVM model. The error Etest is defined as the mean probability of
misclassification for all the test points [15]:

Etest =
1

Ntest

Ntest∑
i=1

Pmisc (xi) (22)

9. Examples

In this section, numerical examples are presented to demonstrate the efficacy of the proposed PSVM
model and associated optimization and failure probability calculation methods. In section 9.1, the pro-
posed PSVM model is compared to its predecessor. Section 9.2 presents a crash example for which the
PSVM is used to provide lower and upper confidence bounds on the probability of failure. In Section
9.3, two numerical examples are presented to demonstrate the efficacy of the PSVM-based EGO method.
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9.1. Examples to compare PSVM models
In this section the proposed correlation-based PSVM is compared to the closest distance-based PSVM.
Two numerical examples are presented. The errors are quantified using Eq. (21). The errors are plotted
for varying design of experiment (DOE) sizes. Optimized Latin hypercube sampling is used to select the
DOE.

9.1.1. Example 1. Three constraint two island problem
The constraints for this example are defined for an optimization problem in [27]. The problem consists
of two variables x1 and x2 with identical ranges [0, 1]. The feasible space is an intersection of the three
following regions:

g1(x) = ((x1 − 3)2 + (x2 + 2)2)e(−x7
2) − 12 ≤ 0

g2(x) = 10x1 + x2 − 7 ≤ 0

g3(x) = (x1 − 0.5)2 + (x2 − 0.5)2 − 0.2 ≤ 0 (23)

The constraint boundaries are plotted in Figure 2. The values of Emisc are plotted in Figure 3 for the
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Figure 2: Example 1. Three constraint boundaries.

proposed correlation-based PSVM and the closest distance-based PSVM. The study for varying DOE
sizes indicates slightly lower errors for the proposed model in most cases, and a lower average error.
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Figure 3: Example 1. Comparison of the error of PSVM models. Black represents the closest distance-
based PSVM and magenta is the proposed correlation-based PSVM.

9.1.2. Example 2. Two constraint problem
The constraints for this two variable problem are taken from [27]. The variable ranges are between −2
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and 2. The feasible region is an intersection of the following regions:

g1(x) = −3x1 + (−3x2)3 ≤ 0

g2(x) = x1 − x2 − 1 ≤ 0 (24)

The actual constrained boundary is shown in Figure 4 The errors are plotted in Figure 5. For this ex-
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infeasible

infeasible
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Figure 4: Example 2. Two constraint boundaries.

ample, the correlation-based PSVM shows a definite improvement.
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Figure 5: Example 2. Comparison of the error of PSVM models. Black represents the closest distance-
based PSVM and magenta is the proposed correlation-based PSVM.

9.2. PSVM-based failure probability confidence intervals - Example 3. Pole crash
In this section, a crash example, from LS-OPT user’s manual, is presented to illustrate the calculation
of probability of failure confidence intervals due to uncertainty in the failure boundary approximation,
in addition to the variable uncertainties. The vehicle model, which crashes into a pole, has five design
variables, which are the thicknesses of the hood, roof, bumper, front rail and back rail. These components
are displayed in Figure 6. Failure is defined based on three criteria - 15 ms Head Injury Criterion (HIC)
calculated at node 432, maximum x-acceleration at node 432, and the intrusion, which is defined as the
difference of x-displacement between two nodes (184 and 432).
All the variables have Normal distributions. The mean configuration for calculating the failure proba-

bility has thood = 3, troof = 4, tbumper = 3, trailb = 3 and trailf = 3. The variable troof has a standard

9



thood

trailf

trailbtbumper

troof

Figure 6: Example 3. Car crashing into a pole (left). Design variables for the car (right).

deviation of 0.05. All other variables have standard deviation equal to 0.1. The constraints are:

HIC (15 ms) at node 432 ≤ 3800

Maximum Acceleration at node 432 ≤ 6.4× 105

Intrusion ≤ 545 (25)

The best known probability of failure is obtained as 0.0828 using direct Monte Carlo simulations. 104

LS-DYNA simulations are run at the Monte Carlo samples through LS-OPT for calculating this reference
probability.
The SVM boundaries are obtained using 100, 200, 300 and 400 space-filling samples generated and eval-
uated using LS-OPT and LS-DYNA. The probabilities of failure using SVM are shown with the green
curve in Figure 7. The SVM-based failure probability has significant error. The probability of failure is
also calculated with the proposed PSVM model (magenta). The failure probability confidence bounds,
calculated as explained in section 7, are also shown. Most of the times the failure probability is within
the displayed confidence bounds.
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actual Pf

Figure 7: Example 3. Probability of failure and confidence bounds.

9.3. Examples of EGO using PSVM constraints
In this section, results of EGO using the proposed PSVM-based method are presented for two analytical
problems. The constraint are the same as those defined in Section 9.1. The results are compared to [15].
For both examples, 10 initial CVT samples are used and the update is run for a 50 iterations to study
the convergence. Each iteration consists of 3 samples evaluated in parallel (one sample based on the
objective function improvement function and 2 auxiliary samples selected within a local update region
using 18). A genetic algorithm (GA) is used to solve the global optimization subproblems for locating
the samples (Eq. (15), (14), (16) and (18)).
The following notation is used:

• x? and f? are the current predicted optimum (best solution among all evaluate samples) and the
corresponding objective function value obtained by the algorithm.
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• x?actual and f?actual are the actual optimum (analytical solutions) and the corresponding objective
function value.

• εk is the relative percentage error of the optimum objective function value at the kth iteration.

εk =
|f∗ − f∗actual|
|f∗actual|

× 100 (26)

9.3.1. Example 4. Three constraint two island problem optimization
The constraints for this example are same as Probem 1. The design variables x1 and x2 have identical
ranges [0, 1]. The optimization problem is:

min
x

f(x) = −(x1 − 1)2 − (x2 − 0.5)2

s.t. g1(x) = ((x1 − 3)2 + (x2 + 2)2)e(−x7
2) − 12 ≤ 0

g2(x) = 10x1 + x2 − 7 ≤ 0

g3(x) = (x1 − 0.5)2 + (x2 − 0.5)2 − 0.2 ≤ 0 (27)

The problem has two optima. The global optimum is at (0.2017, 0.8332) with an objective function value
−0.7483. The objective function contours, constraint and the optimum are shown in Figure 8. The
errors using the proposed method and the method in [15] are plotted in Figure 9. The results of both
PSVM-based methods are compared to Kriging in Table 1. The results presented for Kriging-based
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Figure 8: Example 4. Three constraint two island problem - objective function contours, feasible space
and optimum.

Method ||x? − x?actual||
Kriging Probabilityv [27] 2.2× 10−4

Kriging Probabilitys [27] 2.2× 10−4

Kriging meanv [27] 2.8× 10−5

Kriging means [27] 2.2× 10−4

Kriging EVv [27] 1.8× 10−1

Kriging EVs [27] 2.5× 10−1

SVM scheme 1 [15] 9.4× 10−3

SVM scheme 2 [15] 4.8× 10−3

Proposed method with correlation-based PSVM 2.49× 10−3

Table 1: Ex. 4. Comparison of EGO methods. Closest distance to x?actual after 60 samples.
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Figure 9: Ex 4. εk using the closest distance-based PSVM (left) and the proposed method (right).

constraints in [27] were generated using several different methods and the reader is referred to [27] for
a more detailed description of the approaches. SVM scheme 1 and SVM scheme 2 in [15] were both
based on the closest distance-based PSVM. For each case, the distance between the actual optimum and
the optimum found by the algorithms is provided after 50 adaptive sample evaluations. These values
are compared to those using the proposed and previous SVM-based methods after the same number of
evaluations. This corresponds to the 17th iteration of these methods. It should be noted that the samples
are evaluated in parallel in these methods.

9.3.2. Example 5. Two constraint problem optimization
This two variable optimization problem has identical ranges [-2,2] for both variables. The objective
function, the constraints and the optimum solution are depicted in Figure 10. The actual optimum is at
(0.5955,−0.4045) with an objective function value of 289.85. The optimization problem is defined as:

min
x

f(x) = (1 +A(x1 + x2 + 1)2)(30 +B(2x1 − 3x2)2)

where A = 19− 14x1 + 3x2
1 − 14x2 + 6x1x2 + 3x2

2,

and B = 18− 32x1 + 12x2
1 + 48x2 − 36x1x2 + 27x2

2

s.t. g1(x) = −3x1 + (−3x2)3 ≤ 0

g2(x) = x1 − x2 − 1 ≤ 0 (28)

The errors in objective function prediction are plotted in Figure 11.
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Figure 10: Example 5. Two constraint problem - objective function contours, feasible space and optimum.
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Figure 11: Ex. 5. εk using the closest distance-based PSVM (left) and the proposed method (right).

9. Conclusion

A classification-based method to quantify constraint violations in terms of probability of violation is pre-
sented. More specifically, an improved probabilistic support vector machine model is presented to give
probability outputs for an SVM classification. Because the method is classification-based, it alleviates
some of the issues associated with discontinuous and binary responses, and multiple failure modes. The
main change in the PSVM compared to the previous closest distance-based PSVM is that it considers the
effect of all samples to predict the probability of belonging to certain class, instead of just considering
the closest sample from each class. The effect of a sample on the probability reduces as the distance
increases, based on a Gaussian correlation function. The proposed PSVM model is seen to provide lower
errors, based on two analytical examples. The PSVM model is used in an EGO formulation to define the
constraints. Two examples are presented for comparison to the previous approach. The proposed method
has slightly less average error, although not remarkable. In addition, a method to calculate corrected
failure probability confidence intervals for MCS is presented for the case when failure boundaries are
approximated using SVM. The efficacy of the method is demonstrated using a car crash example with
five random design variables.
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