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A B S T R A C T   

In the micromechanical analysis of braided composite tubes, the effects of curvature are often ignored. This 
approach is acceptable for thin-walled tubes with a large radius. However, in case of small diameter thick-walled 
tubes, such an approach may lead to inaccurate results. Therefore, it is of interest to determine when the cur-
vature effects of tubular geometry become important in micromechanics. In this study, the extensional stiffness 
matrix of 2-D braided composite tubes was calculated using a curved unit-cell. The periodicity was imposed in 
circumferential and longitudinal directions of the tube. The extensional stiffness coefficients were calculated by 
simulating an internal pressure test, uniaxial tensile test, and torsion test. The obtained stiffness coefficients were 
compared to those obtained using a flat unit-cell. The results of curved unit-cell were different from that of flat 
unit-cell. The differences in stiffness coefficients, calculated using curved and flat unit cells were as high as 13%.   

1. Introduction 

Braided composite tubes are useful structural components in various 
fields of engineering. Some of the known applications include braided 
air ducts, aircraft structural parts, automotive shafts, braided catheters, 
braided stents, hip prosthesis and braided dental posts [1–3]. The silicon 
carbide fiber/silicon carbide matrix (SiC/SiC) braided composite tubes 
are of special interest to the nuclear industry. These composite tubes 
have desirable properties for a cladding material which requires high 
resistance to neutron irradiation, high chemical inertness, and enhanced 
fracture toughness. They are seen as a candidate material to replace the 
currently used zirconium alloy [4,5]. These tubes have small inner 
radius (a = 4 – 7 mm) and a large wall thicknesses (t = 1.5–2.5 mm) and 
consequently have a high thickness to inner radius ratio wherein the 
thin-walled assumption is not valid. In addition, the effect of curvature 
of the tube must be examined for accurate analysis. The evaluation of 
constitutive relationship of these braided composite tubes is useful not 
only in understanding their behavior but also in optimizing their per-
formance. The finite element (FE) micromechanical analysis of textile 
composites is often done by employing a repeatable unit cell (RUC) 
rather than a whole structure [6,7]. The periodic boundary conditions 
are then imposed on the FE mesh of the RUC. There are research works 

that analyze the braided tubes using a flat RUC, which ignore the tubular 
geometry of the braided composite [8–11]. This is partly due to the non- 
availability of pre-processing software that can generate FE mesh of 
curved RUC. Moreover, the FE analysis carried out by employing flat 
RUC has been found to be reasonably accurate for braided tubes of large 
diameter. However, this approach might yield questionable results for 
braided tubes of a small diameter wherein the effects of tubular geom-
etry could be pronounced due to its high ratio of thickness to inner 
radius (t/a). In this work, we intend to evaluate the influence of t/a on 
the stiffness coefficients of a textile composite. 

There are few research works that allude to the difference in 
analyzing flat and tubular RUC [1,12,13]. Ayranci et al. evaluated the 
stiffness of braided composite tubes based on volume averaging of the 
constituent stiffnesses [1]. In this model, the curved unit cell was 
divided into three regions namely, matrix-only regions, undulating re-
gions of yarn and non-undulating regions of yarn. The stiffness matrices 
of individual regions were calculated based on classical lamination 
theory, which was modified for woven structures. The stiffness matrix of 
the woven structure was calculated as the sum of stiffness matrices of 
individual regions. In the above analysis iso-strain conditions within the 
RUC were implied. There are works in literature that have successfully 
used iso-strain based models to predict the effective elastic constants of 

* Corresponding author. 
E-mail address: sankar@ufl.edu (B.V. Sankar).   

1 Deceased on August 16, 2020. 

Contents lists available at ScienceDirect 

Composites Part A 

journal homepage: www.elsevier.com/locate/compositesa 

https://doi.org/10.1016/j.compositesa.2021.106422 
Received 2 February 2021; Received in revised form 7 April 2021; Accepted 10 April 2021   

mailto:sankar@ufl.edu
www.sciencedirect.com/science/journal/1359835X
https://www.elsevier.com/locate/compositesa
https://doi.org/10.1016/j.compositesa.2021.106422
https://doi.org/10.1016/j.compositesa.2021.106422
https://doi.org/10.1016/j.compositesa.2021.106422
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compositesa.2021.106422&domain=pdf


Composites Part A 147 (2021) 106422

2

flat braided composites, such as Quek et al. and Kier et al.[14,15]. 
However, the iso-strain assumption may not hold good for some of the 
material properties like transverse Young’s moduli and shear moduli. An 
accurate FE analysis would require implementation of periodicity on 
tubular unit cell as considered in some of the works in literature [12,13]. 
These works impose periodicity in all three directions, radial, circum-
ferential, and longitudinal directions, of the tube. One of the findings of 
Chatzigeorgiou et al. [12] is that unit cells in both flat and tubular 
structures reduce to a cube despite the differences between cylindrical 
coordinate system and cartesian coordinate system. However, in the 
case of SiC/SiC cladding material, there are only one or two plies, 
meaning that the RUC does not have periodic conditions along the 
thickness direction. In addition, the thickness and inner radius are of the 
same order of magnitude. For such thick tubes, we propose a method-
ology to calculate the extensional stiffness coefficients. The extensional 
stiffness matrix, [A] is calculated for the tubular FE model by imposing 
displacement periodicity only in circumferential and longitudinal di-
rections of the tube, while no such restriction is specified in the radial 
direction. This calculation is repeated for tubes of varying inner diam-
eter but same thickness. The calculated stiffness values are then 
compared with stiffness value predicted by the flat FE model, thus 
enabling us to assess the influence of t/a on extensional stiffness 
coefficients. 

The paper is organized as follows. In Section 2, the traditional 
methodology to analyze braided composites by means of flat RUC is 
briefly described. A novel method to obtain the FE mesh of curved RUC 
is presented in Section 3 which also includes the equations to impose 
periodicity on the tubular FE model, the mathematical expressions to 
calculate force resultants, and macro-stresses and macro-strains perti-
nent to FE model of the curved RUC. The results are discussed in Section 
4, and conclusions are presented in Section 5. 

2. Micro-mechanics of flat RUC 

The method for evaluating the extensional stiffness matrix [A] of 
textile composites is discussed in a series of papers by Sankar et al. 
[7,16,17]. In this paper, the procedures for calculating [A] matrix from a 
flat unit cell are described briefly for the sake of completeness. The [A] 
matrix gives the relationship between the force resultants (Nx,Ny,Nxy)

and mid-plane strains (εx0, εy0, γxy0) for a flat braided textile composite 
as [18]: 
⎡

⎣
Nx
Ny
Nxy

⎤

⎦ =

⎡

⎣
A11 A12 A16
A12 A22 A26
A16 A26 A66

⎤

⎦

⎧
⎨

⎩

εx0
εy0
γxy0

⎫
⎬

⎭
(1) 

A rectangular cartesian coordinate system is used to analyze flat FE 
models. The [A] matrix is evaluated by imposing periodic boundary 
conditions in two directions (for instance, x and y) only. The boundary 
faces normal to the third direction (z-axis) do not have any displacement 
restriction in this analysis. The [A] matrix can also be calculated from 
the elastic constants that are obtained by imposing periodicity in all 
three directions. These two methods are discussed in Section 2.1 and 
Section 2.2, respectively. 

2.1. Calculation of [A] matrix using in-plane periodicity 

In classical lamination theory, the [A] matrix of a thin laminate is 
calculated by assuming plane stress assumption in the thickness direc-
tion. The meso-structure of the material is assumed to repeat only in the 
x and y directions. This assumption is valid in analysis of a single layer 
textile composite where the unit-cell does not repeat in the thickness 
direction. The periodic boundary conditions imposed on the RUC 
depicted in Fig. 1 are: 

ux(Lx, y, z) − ux(0, y, z) = ∊x0Lx

uy(Lx, y, z) − uy(0, y, z) =
γxy0

2
Lx

uz(Lx, y, z) − uz(0, y, z) = 0

ux(x, Ly, z) − ux(x, 0, z) =
γxy0

2
Ly

uy(x, Ly, z) − uy(x, 0, z) = ∊y0Ly

uz(x, Ly, z) − uz(x, 0, z) = 0

(2)  

In Eq. (2), Lxand Ly are the dimensions in the x and y directions of the 
RUC, respectively, ui denotes the displacement in respective coordinate 
direction (i = x,y,z), and the strains εx0, εy0, γxy0 are the macroscopic 
mid-plane strains applied to the RUC. The aforementioned periodic 
boundary conditions are imposed on the FE model using multipoint 
constraints in ABAQUS software [19,20]. The [A] matrix is evaluated by 
carrying out three FE simulations. In each of these simulations, the 
boundary conditions are applied such that only one of the mid-plane 
strains is non-zero. The resulting stresses and strains in individual ele-
ments of FE model are called micro-stresses and micro-strains, respec-
tively. The micro-stresses are averaged to obtain force resultants 
(
Nx, Ny, Nxy

)
as follows [7,16]: 

Nx =
1

LxLy

∫

σe
x dv =

∑n

e=1
veσe

x

LxLy

Ny =
1

LxLy

∫

σe
y dv =

∑n

e=1
veσe

y

LxLy

Nxy =
1

LxLy

∫

τe
xy dv =

∑n

e=1
veτe

xy

LxLy

(3) 

The averaging is done numerically. In Eqs. (3), n is the total number 
of elements in the FE model, σe

x, σe
y, τe

xy are the micro-stresses in element e 
and ve is the volume of element e. The mid-plane strains can be calcu-
lated by averaging the micro-strains as: 

Fig. 1. Flat RUC of the braided composite with the coordinate system. The red 
and green regions represent the yarns and the remaining grey region is the 
matrix. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 
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εx0 =
1

LxLy

∫

εe
x dv =

∑n

e=1
veεe

x

LxLy

εy0 =
1

LxLy

∫

εe
y dv =

∑n

e=1
veεe

y

LxLy

γxy0 =
1

LxLy

∫

γe
xy dv =

∑n

e=1
veγe

xy

LxLy

(4)  

where εe
x, εe

y, γe
xy represent the strains (micro-strains) of element e. The 

mid-plane strains calculated using Eqs. (4) should be equal to the 
applied macrostrains. The calculated force 

resultants and mid-plane strains are then substituted in Eq. (1) and 
solved for the unknown extensional stiffness coefficients. The Aij co-
efficients, in the first column of [A] matrix are calculated through an FE 
simulation in which mid-plane strain εx0, is the only non-zero compo-
nent of mid-plane strains. Similarly, the Aij coefficients in the second and 
third column of [A] matrix (Eq. (1)) are calculated through FE simula-
tions in which εy0 and γxy0 are the only non-zero components of mid- 
plane strains, respectively. The detailed procedure can be found in the 
works of Marrey et al. [7,16,17]. 

2.2. Calculation of [A] matrix from three-dimensional elastic constants 

In this method, it is assumed that the unit cell repeats in all three 
directions. Hence, the periodic boundary conditions are imposed in x, y 
and z directions. The detailed procedure can be found elsewhere [7,21]. 
The three-dimensional periodic boundary conditions are [7]: 

ux(Lx, y, z) − ux(0, y, z) = εxLx

uy(Lx, y, z) − uy(0, y, z) =
γxy

2
Lx

uz(Lx, y, z) − uz(0, y, z) =
γxz

2
Lx

ux
(
x, Ly, z

)
− ux(x, 0, z) =

γxy

2
Ly

uy
(
x, Ly, z

)
− uy(x, 0, z) = εyLy

uz
(
x, Ly, z

)
− uz(x, 0, z) =

γyz

2
Ly

ux(x, y, Lz) − ux(x, y, 0) =
γxz

2
Lz

uy(x, y, Lz) − uy(x, y, 0) =
γyz

2
Lz

uz(x, y, Lz) − uz(x, y, 0) = εzLz

(5) 

The strains in Eq. (5) are macroscopic components. The stiffness 
matrix [C]6X6 is calculated through six FE simulations under periodic 
boundary conditions. In each of these six FE analyses, only one 
component of macrostrain is chosen to be non-zero. In post-processing, 
resulting micro-stresses and micro-strains are volume averaged to obtain 
macrostresses and macrostrains respectively, using the following 
equations: 

σii =
1
V

∫

σii dv =

∑n

K=1
veσe

ii

V

εii =
1
V

∫

εii dv =

∑n

K=1
ve∊e

ii

V

(6)  

where Vis the volume of RUC. The calculated macrostresses and applied 
macrostrains are substituted into the constitutive relation: 

{σ}6×1 = [C]6×6{ε}6×1 (7)  

where {σ} is the vector of macrostresses, {ε} is the vector of macro-
strains and [C] is the stiffness matrix. The column of stiffness matrix 
corresponding to the only non-zero macrostrain is then calculated. Thus, 
all the columns of stiffness matrix are calculated by six independent 
loading conditions. 

The lamina stiffness matrix [Q], can then be calculated from the 
compliance matrix, which is the inverse of the above stiffness matrix, 
(
[S] = [C]− 1

)
using plane stress assumption [18,22]: 

Q11 =
S22

S11S22 − S2
12
=

Ex

1 − νxyνyx

Q12 =
− S12

S11S22 − S2
12
=

Exνxy

1 − νxyνyx

Q22 =
S11

S11S22 − S2
12
=

Ey

1 − νxyνyx

Q66 =
1

S66
=

1
Gxy

(8) 

The extensional stiffness matrix [A] is calculated as the product of 
the lamina stiffness matrix [Q] and thickness h of the textile composite 
[22]: 

[A] = h[Q] (9)  

3. Micro-mechanics of curved RUC 

The mapping procedure employed to obtain FE mesh of curved RUC 
is explained in Section 3.1. The mapping scheme is verified in Section 
3.2 by considering hoop stress in a homogeneous isotropic tube under 
internal pressure. In Section 3.3, the periodic boundary conditions 
pertinent to curved RUC and the calculation of [A] matrix are discussed. 
The implementation of periodic boundary conditions is verified by 
considering the radial displacement of a homogeneous isotropic tube 
under internal pressure in the plane stress state. 

3.1. Mapping of flat RUC into curved RUC 

The flat FE model of braided textile composites can be obtained from 
software packages such as WiseTex and TeXGen. In this study, the FE 
mesh of flat RUC was generated using the open source geometric 
modeling software “TeXGeN” [23,24]. TeXGeN generates an FE mesh 
that is homologous which is necessary for the successful implementation 
of periodic boundary conditions [25,26]. The node sets that identify the 
nodes at corresponding points on opposite faces, edges, and corner 
vertices of the FE mesh, are defined in a TeXGen generated input file. 
This is helpful in implementing periodic boundary conditions. An eight- 
node brick element (linear hexahedron) with a reduced integration 
scheme (C3D8R) in ABAQUS software was employed in this analysis. 
The yarn is modeled as a homogeneous orthotropic material and the 
matrix is treated as a homogeneous isotropic material. The FE mesh of 
the curved RUC is obtained by mapping the nodal coordinates of the flat 
RUC to that of the curved RUC using the following equations: 
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r = Rm + z − Lz/2

ϕ =
x

Rm

x′

= rsin(ϕ)

y′

= y

z′

= rcos(ϕ)

(10)  

where (x, y, z) denote the coordinates of flat RUC and (x′

, y′

, z′

) are nodal 
coordinates of FE mesh of the curved RUC. The mean radius of the tube 
is represented by Rm. This mapping is pictorially represented in Fig. 2. 
The mapping is applied to each node in the flat RUC to find the location 
of the corresponding node in the curved RUC. The finite element defi-
nitions and connectivity of FE model of tubular RUC remain unchanged 
from that of the flat RUC. In this mapping procedure, the volume of 
elements in the top half of the RUC is increased while that of those in the 
bottom half is decreased. However, the volume of the whole RUC and 
yarn volume fraction remain the same. This is achieved by specifying the 
path of the yarn so that, yarn is equally distributed in top half and 
bottom half of flat RUC. 

While exporting the FE model of flat RUC, TeXGen generates two 
files in addition to ABAQUS input file. One of them contains the element 
data (file with .eld extension) and the other file (with .ori extension) 
contains information about the orientation of yarn elements. The 
orientation has two unit vectors defined at the center of each finite 
element. In yarn element, one vector is aligned along the path of the 
yarn and the other is oriented perpendicular to the first. These unit 
vectors are used to define the orientation of yarn finite elements. The 
unit vectors, that are parallel to the path of yarn are schematically 
shown in Fig. 3. During the mapping, from flat RUC to curved RUC, the 
FE elements are bent about the y-axis, hence the following vector 
transformation is used to obtain the orientation of the yarn finite ele-
ments in the curved RUC. 

T =

⎡

⎣
cosφc 0 sinφc

0 1 0
− sinφc 0 cosφc

⎤

⎦ (11)  

⎛

⎝
a
′

b′

c′

⎞

⎠ = [T]

⎛

⎝
a
b
c

⎞

⎠ (12)  

where φc is the transformation angle corresponding to the geometric 
centroid of the yarn element. The direction cosines of the vector in the 
curved RUC are (a′

, b′

, c′

), while (a, b, c) are the direction cosines of the 
vector in the flat RUC. 

3.2. Verification of the mapping procedure 

It is imperative that the designed mapping scheme produces an FE 

mesh of tubular RUC with desired curvature and thickness. This was 
verified by comparing hoop stress calculated by the FE analysis of ho-
mogeneous isotropic tube under internal pressure, with analytical so-
lution from elasticity. The mapping scheme defined by Eq. (10) was used 
to obtain the FE model of curved RUC. A cylindrical coordinate system 
(r, θ, y), whose origin is at the geometric center of the tube is used to 
analyze curved RUC. To model a homogeneous isotropic tube, elastic 
constants of the constituent yarn and matrix elements of curved RUC 
were defined by the same value. The boundary conditions can be 
explained with the help of Fig. 4. The circumferential planes of the 
tubular RUC are not allowed to have any tangential displacements while 
planes normal to the longitudinal direction are not allowed to have any 
longitudinal displacement, meaning that isotropic tube is subjected to 
internal pressure under plane strain state. These boundary conditions 
are mathematically expressed by the following equations in cylindrical 
coordinate system (r, θ, y): 

ur(r, − α, y) = 0

ur(r, α, y) = 0

uθ

(

r, θ,
− Ly

2

)

= 0

uθ

(

r, θ,
Ly

2

)

= 0

(13) 

In Eq. (13), ur and uθ denote tangential and longitudinal displace-
ments, respectively, while α is half of the angle subtended by the tube at 
its center (see Fig. 2) and Ly is the length of the curved RUC in the y- 
direction (see Fig. 4). The hoop stress generated in a homogeneous 
isotropic tube due to internal pressure p is given by the following 
analytical solution obtained from elasticity theory [27]: 

Fig. 2. Mapping the nodal coordinates of FE mesh of flat RUC to that of curved 
RUC. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 

Fig. 3. The unit vectors (represented by line segments with an arrow) of yarn 
finite elements, parallel to the path of the yarn. These vectors are used to define 
the material coordinate system of flat RUC. 

Fig. 4. The force resultants and boundary planes pertinent to curved RUC. (For 
interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 

H. Thandaga Nagaraju et al.                                                                                                                                                                                                                 



Composites Part A 147 (2021) 106422

5

σhoop =
a2p

b2 − a2

(

1 +
b2

r2

)

(14)  

where a and b are inner and outer radii of the tube, r is the distance 
between the point of interest and the center of the tube. The results of 
this exercise are presented in the following. 

The purpose here is to ensure accurate implementation of mapping 
equations given by Eq. (10). The tube was subjected to an internal 
pressure p = 100 MPa. The hoop stresses from FE analysis were 
compared with those from the analytical solution (Eq. (14)), as shown in 
Fig. 5. It is seen that there is an excellent agreement between the two. 
This result demonstrates that the mapping scheme given by Eq. (10) are 
correctly implemented. 

3.3. Periodic boundary conditions and calculation of [A] matrix 

The boundary conditions represented by Eq. (13) in Section 3.2 are 
suitable only if the boundary (longitudinal and circumferential) planes 
remain as planes after deformation. These boundary conditions do not 
necessarily impose periodicity which is required in the analysis of a 
heterogeneous braided composite tube. There are few works in the 
literature in which imposing periodicity onto tubular FE models in all 
three directions is discussed [12,13]. However, in SiC/SiC composite 
tubes with just one or two plies, the periodicity does not apply in the 
radial direction. In the present work, periodic boundary conditions are 
imposed on a tubular RUC by using a cylindrical coordinate system (r, θ,
y) whose origin is located at the geometric center of the tube. The 
periodicity is imposed in circumferential and longitudinal directions 
only to calculate the extensional stiffness coefficients. The outer and 
inner cylindrical surfaces do not have any displacement restrictions, as 
defined in the following equations: 

ur(r, − α, y) − ur(r, α, y) = 0 (15)  

uθ(r, − α, y) − uθ(r, α, y) = 0 (16)  

uy(r, − α, y) − uy(r, α, y) = 0 (17)  

ur

(

r, θ, −
Ly

2

)

− ur

(

r, θ,
Ly

2

)

= 0 (18)  

uθ

(

r, θ, −
Ly

2

)

− uθ

(

r, θ,
Ly

2

)

=
γθy0

b
rLy (19)  

uy

(

r, θ, −
Ly

2

)

− uy

(

r, θ,
Ly

2

)

= ∊y0Ly (20) 

To impose periodic boundary conditions, dummy nodes outside the 
FE model are used as reference points. The appropriate displacement 
component is then specified on these reference points. For instance, to 

impose Eq. (15), ur displacement of the reference point corresponding to 
Eq. (15) is set to zero. The periodic boundary equations are imposed on 
curved RUC through linear constraint equations in the ABAQUS soft-
ware by employing a cylindrical coordinate system [19]. 

The objective is to calculate the extensional stiffness matrix [A] while 
using Eqs. (15)–(20) to impose periodicity on the curved RUC. The 
extensional stiffness matrix of the composite tube gives the relationship 
between the force resultants (Nθ, Ny, Nθy) and mid-plane strains (εθ0,

εy0, γθy0) as: 
⎧
⎨

⎩

Nθ
Ny
Nθy

⎫
⎬

⎭
=

⎡

⎣
A11 A12 A16
A12 A22 A26
A16 A26 A66

⎤

⎦

⎧
⎨

⎩

εθ0
εy0
γθy0

⎫
⎬

⎭
(21) 

The coefficients A16 and A26 are expected to vanish as the normal and 
shear deformations are decoupled. The coefficient A11 is the stiffness 
along the circumferential direction, A22 is the stiffness in the longitu-
dinal direction of the tube, A12 is the Poisson effect between the 
circumferential and longitudinal direction of the tube, and A66 coeffi-
cient is a measure of the torsional stiffness. An alternative form of Eq. 
(21) is given by: 
⎧
⎨

⎩

εθ0
εy0
γθy0

⎫
⎬

⎭
=

⎡

⎣
a11 a12 0
a12 a22 0
0 0 a66

⎤

⎦

⎧
⎨

⎩

Nθ
Ny
Nθy

⎫
⎬

⎭
(22)  

where [a] = [A]− 1. The force resultants are pictorially represented in 
Fig. 4. The [a] matrix is calculated using the FE model of curved RUC by 
simulating three tests - internal pressure test (a11), uniaxial tensile test 
(a12, a22) and torsion test (a66). 

To simulate the internal pressure test (plane stress in the longitudinal 
direction), Eqs. (15)–(20) are imposed on curved FE mesh with γθy0 = 0 
which is imposed by specifying the uθ displacement on the reference 
point corresponding to Eq. (19) as zero. However, the uy displacement 
on the reference point corresponding to Eq. (20) is set free, which allows 
the curved RUC to contract longitudinally if needed such that the cor-
responding longitudinal force resultant, Ny = 0. The deformation of 
curved RUC is driven by an internal pressure acting on the inner cylin-
drical surface of composite tube. Thus, Nθ is the only non-zero force 
resultant and a11 = εθ0

Nθ
. To simulate uniaxial tension in the longitudinal 

direction, Eqs. (15)–(20) are imposed on curved RUC with εy0 ∕= 0, 
which is achieved by specifying an arbitrary uy on the reference point 
corresponding to (20). The mid-plane shear strain is set to zero (γθy0 =

0), as there is no coupling between the normal strain component and 
shear stresses, the force resultant Nθy is zero. In this simulation Ny is the 
only non-zero force resultant. The coefficients a12and a22 are calculated 
as εθ0

Ny 
and εy0

Ny 
respectively. Finally, the torsion test is simulated by 

imposing Eqs. (15)–(20) with γθy ∕= 0, ∊y = 0, and no internal pressure. 
The shear force resultant Nθy is the only non-zero force resultant in 
torsion. The coefficient a66 =

γθy0
Nθy

. Once [a] is evaluated for the tubular 
geometry, its inverse gives the extensional stiffness matrix, [A] of 
braided tubes. 

The implementation of periodic boundary conditions given by Eqs. 
(15)–(20) must be verified. For this purpose, the radial displacement of a 
homogeneous isotropic tube under internal pressure given by FE anal-
ysis is compared with the analytical solution from elasticity [27]: 

ur =
a2pr

E
(
b2 − a2

)

(

(1 − ν) + (1 + ν) b2

r2

)

(23)  

where,E is Young’s modulus and ν is Poisson’s ratio whose values were 
chosen to be 200 GPa and 0.3, respectively. The comparison between FE 
analysis and the analytical solution for radial displacements due to in-
ternal pressure under plane stress is shown in Fig. 6. It can be observed 
that the FE results agree well with the analytical results. The good 
agreement between the two solutions gives us confidence that the 
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Fig. 5. Comparison of hoop stress in a homogeneous isotropic tube between FE 
result and analytical solution. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.) 
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periodic boundary conditions were appropriately 
implemented in the longitudinal and circumferential directions of 

curved RUC. Thus, the Eqs. (15)–(20) can be employed to analyze a 
heterogeneous braided composite tube. 

In analyzing the flat RUC, micro-stresses and micro-strains are vol-
ume averaged to get force resultants and mid-plane strains as discussed 
in Section 2 and as per Eqs. (3), (4) and (6) [6,7]. However, the volume 
averaging of micro-stresses and micro-strains does not yield force 
resultant and mid-plane strains in curved RUC. The formulae to calcu-
late force resultants (Nθ, Ny, Nθy) and mid-plane strains (εθ0, εy0, γθy0)

from FE analysis of curved RUC is derived in the rest of the section. As an 
example, let us consider the micro-stress σμ

θ . The corresponding force 
resultant Nθ is derived as described in the following. First, the force 
resultant Ñθat a given (θ, y)is derived by integrating σμ

θ through the 
thickness: 

Ñθ(θ, y) =
∫ b

a
σμ

θ(r, θ, y)dr (24) 

The above force resultant is then averaged over the entire RUC to 
obtain the macro-force resultant as: 

Nθ =
1

2αLy

∫ Ly

0

∫ +α

− α
Ñθ(θ, y)dθdy

=
1

2αLy

∫ Ly

0

∫ +α

− α

∫ b

a
σμ

θ(r, θ, y)drdθdy

(25) 

The above equation can be modified to facilitate the evaluation of the 
integral in the FE analysis by multiplying and dividing by the term(Rm/r)
: 

Nθ =
1

2αLyRm

∫ Ly

0

∫ +α

− α

∫ b

a
σμ

θ(r, θ, y)
Rm

r
rdrdθdy

=
1

Am

∫ Ly

0

∫ +α

− α

∫ b

a
σμ

θ(r, θ, y)
Rm

r
dv

(26)  

where Am = 2αLyRmis the area of the mid-surface of the curved RUC. 
The above volume integral is evaluated in the FE analysis as: 

Nθ =
Rm

Am

∑n

e=1

σ(e)
θ v(e)

r(e)
(27)  

where σ(e)
θ is the hoop stress in the element e, with volume v(e). Similarly, 

one can derive an expression for mid-plane strainεθ0: 

εθ0 =
1

2αLyRm(b − a)

∫ Ly

0

∫ +α

− α

∫ b

a
εθ(r, θ, z)

Rm

r
dv

=
Rm

V

∑n

e=1

ε(e)θ v(e)

r(e)

(28) 

In Eqs. (27) and (28), r(e) is the radius of the element e, V is the 
volume of RUC and n is the total number of elements in FE mesh. 

The [A] matrix was evaluated for various t/a values by changing 
inner radius a of the tube, but maintaining a constant tube thickness. The 
obtained extensional stiffness values of the composite tube were then 
normalized with respect to the stiffness value obtained from 3D elastic 
constants described in Section 2.2. The yarn volume fraction and 
thickness of tubes were maintained at 0.298 and 3 mm, respectively. The 
stiffness values of the curved RUCs were compared to that of flat RUCs. 
The plots of the normalized stiffness values versus the ratio of thickness 
to inner radius are presented and discussed in the next section. 

4. Results and discussion 

In this study, extensional stiffness matrices of two-dimensionally 
braided biaxial composite tubes were evaluated. A braid angle of 30 
degree was chosen. Two composite material systems, SiC/SiC and car-
bon/epoxy, were considered. The elastic constants of SiC/SiC and car-
bon/epoxy material are given in Table 1 and Table 2, respectively. Note 

that the carbon/epoxy composite is more anisotropic 
(

E1
E2

≅ 6
)

compared to the SiC/SiC 
(

E1
E2

≅ 2
)

composite. Also note that matrix 

properties are dominant in SiC/SiC material system while the yarn 
properties are dominant in carbon/epoxy material system. This choice of 
property will help us assess the effect of tubular geometry with 

heterogeneity on two kinds of braided composites: matrix dominant 
and yarn dominant material systems. 

As mentioned in Section 2.1, the extensional stiffness matrix [A] of 
braided composite tubes calculated using flat RUC does not reflect the 
effect of tube radius. To account for tubular geometry, the extensional 
stiffness matrix [A] was calculated by imposing periodicity on the curved 
RUC as discussed in Section 3. The extensional stiffness coefficients are 
presented in Table 3 and Table 4, respectively, for SiC/SiC and carbon/ 
epoxy material systems for various values of t/a. The stiffness co-
efficients were normalized by those elastic constants obtained from 
stiffness coefficients calculated by imposing periodicity in all three di-
rections of a flat RUC as discussed in Section 2.2 and plotted as a 
function of t/a in Figures (7–10). In these figures, the primed coefficients 
A′

ij denote the value evaluated by imposing periodicity in two directions 
only, while the unprimed coefficients Aij denote the value obtained by 
imposing the periodicity in all three direction of a flat RUC. 

The [A] matrix calculated by imposing three-dimensional periodicity 
on the flat FE model for SiC/SiC is 

A =

⎡

⎢
⎢
⎣

935, 559 183, 063 0

183, 063 996, 451 0

0 0 410, 538

⎤

⎥
⎥
⎦

N
mm

(29) 

and for carbon/epoxy is 
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Fig. 6. Comparison of radial displacement from FE and analytical solution for a 
homogeneous isotropic tube. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.) 

Table 1 
Elastic constants of SiC/SiC composite [28].  

Material Young’s moduli 
(GPa) 

Shear moduli (GPa) Poisson’s ratios 

SiC/SiC 
yarn 

E1 = 259,E2 =

106E3 = 106  
G12 = 41.4,G13 =

41.4G23 = 42.5  
ν12 = 0.21,ν13 =

0.21,ν23 = 0.18  
SiC matrix E = 420  G = 179.48  ν = 0.17   
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A =

⎡

⎢
⎢
⎣

39, 463 19, 330 0

19, 330 64, 790 0

0 0 23, 995

⎤

⎥
⎥
⎦

N
mm

(30) 

From Figs. 7–10, we observe that stiffness values calculated by 
imposing the periodicity in in-plane directions of flat RUC are less than 
the stiffness values calculated by imposing periodicity in all three di-
rections. When periodicity is imposed in all three directions, no 
boundary faces are left free of displacement restriction unlike in-plane 

periodicity where there is no displacement restriction in thickness di-
rection. The periodicity restriction along thickness 

direction imposes additional constraint making the material appar-
ently stiffer. This results in higher stresses in individual elements of RUC 
for unit strains leading to higher values of extensional stiffness co-
efficients. The trend of normalized stiffness along the circumferential 
direction A11 is shown in Fig. 7. The A11 value of curved unit cell was less 
than that predicted by flat unit cell for both SiC/SiC as well as carbon/ 
epoxy. In analysis of flat RUC, to calculate A11 an in-plane displacement 
is specified. However, in analysis of curved RUC, traction is applied 
normal to the surface at inner radius along the radial direction. It was 
observed that this difference in approach results in A11 calculated from 
curved RUC being less than that of flat RUC. The difference was found to 
be larger for the more anisotropic yarn dominant carbon/epoxy (with 
13%) than that of matrix dominant SiC/SiC (with 5%). It is interesting to 
note that A11 from curved RUC approached that of flat RUC asymptot-
ically for matrix dominant SiC/SiC but in case of yarn dominant carbon/ 
epoxy, A11 value from curved RUC exceeds the value predicted by flat 
RUC at one data point albeit by a small amount. A similar trend was 
observed for stiffness coefficient A12, which measures the Poisson effect 
between the circumferential and longitudinal directions of tube, is 
shown in Fig. 8. However, the trend of A12 was found to be more non- 
linear than that of A11. The trend of coefficient A22, which measures 
the stiffness in longitudinal direction of tube is shown in Fig. 9. In case of 
matrix dominant SiC/SiC, the tubular geometry has minimal effect. 
However, for yarn dominant carbon/epoxy, it was found that flat unit 
cell underestimates the stiffness when compared to the value predicted 
by the curved unit cell. The maximum difference in A22 for carbon/ 
epoxy was about 5%. Finally, the trend of torsional stiffness A66 is shown 
in Fig. 10. It was observed that tubular geometry has minimal effect on 
A66 in case of SiC/SiC material. However, a flat unit cell would under-
estimate A66 of carbon/epoxy by 4% in extreme scenario with t

a = 1. 
In this study, the yarn volume fraction remained the same for both 

SiC/SiC and carbon/epoxy material systems. Even if the yarn volume 
fraction are changed, the A11 and A12 coefficients calculated from flat 
RUC will be higher when compared to that of curved RUC. Furthermore, 
we expect this effect to hold good even for an architecture of different 
braiding angle. However, the effect of tubular geometry on A22 and A66 
is inconclusive as it might depend on the material system. 

In all the plots observed in Figs. 7-10, the stiffness coefficients show a 
monotonic trend. The value obtained from curved RUC is either less than 
or greater than that of flat RUC and the difference between the results of 
flat RUC and curved RUC keeps increasing with higher t/a values. It is 

Table 2 
Elastic constants of carbon/epoxy material system [29].  

Material Young’s moduli 
[GPa] 

Shear moduli [GPa] Poisson’s ratios 

Carbon/ 
epoxy 
yarn 

E1 = 165.7 E2 =

27.13, E3 = 27.13  
G12 = 8.88, G13 =

8.88,G23 = 11.59  
ν12 = 0.204 , ν13 =

0.204,ν23 = 0.17  

epoxy 
matrix 

E = 7.52  G = 2.76  ν = 0.36   

Table 3 
The extensional stiffness coefficients of SiC/SiC braided tube of wall thickness 3 
mm.  

Inner Radius a (mm) A11(N/mm) A12(N/mm) A22(N/mm) A66(N/mm)

3 880,148 172,073 984,962 407,004 
6 896,773 174,299 985,424 405,531 
9 905,029 175,583 985,675 405,103 
15 913,148 176,946 985,935 404,832 
80 925,483 179,194 986,370 404,652 
Flat RUC 928,803 179,830 986,489 404,643  

Table 4 
The extensional stiffness coefficients of Carbon/epoxy braided tube of wall 
thickness 3 mm.  

Inner Radius a(mm)  A11(N/mm) A12(N/mm) A22(N/mm) A66(N/mm)

3 34,329 16,414 59,034 21,764 
6 35,802 16,409 56,954 21,538 
9 36,458 16,447 56,267 21,443 
15 37,094 16,552 55,846 21,376 
80 38,073 16,860 55,662 21,328 
Flat RUC 38,341 16,973 55,698 21,326  

Fig. 7. Trend of normalized A11 of SiC/SiC and carbon/epoxy. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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conjectured that the same trend will continue beyond t
a = 1. 

In summary, it can be said that employing flat RUC to analyze 
braided composite tubes will lead to overestimation of the coefficients 
A11 and A12, while the trend of coefficients A22 and A66 depend on the 
type of material. It was further observed that difference in extensional 
stiffness coefficients due to tubular geometry is more pronounced in case 
of more anisotropic carbon/epoxy material. However, all the stiffness 
coefficients of braided tube approach the value calculated by using flat 
RUC as t/a→0, as observed in Figs. 7-10. Whether the difference in re-
sults of curved RUC and flat RUC are significant enough depends on the 
level of accuracy desired in a particular application. This paper has 
detailed the procedure or methodology to examine the effect of curva-
ture on stiffness coefficients of braided tubes. An analyst dealing with a 
critical application like cladding material of a nuclear reactor might be 
interested in the effect of tubular geometry on extensional stiffness co-
efficients of braided composite tubes. In that case, the effect of tubular 
geometry on the [A] matrix can be assessed through micro-mechanics of 
curved unit cell as discussed in this paper. 

5. Conclusions 

In this research, finite element mesh of curved unit-cell of a braided 
composite tube was obtained by using mathematical expressions to map 
coordinates of FE mesh of the flat unit cell to that of curved unit cell of 
braided composite tube. The mapping procedure was verified by 
analyzing the response of homogeneous isotropic tube to internal pres-
sure. The displacement periodic boundary conditions on curved FE mesh 
and its accuracy was verified by comparing FE solution with analytical 
solution for thick-walled homogeneous isotropic tubes under internal 
pressure in plane stress state. The extensional stiffness matrix was 
evaluated for a 2D biaxial braided composite tube with braid angle of 30 
degrees for varying inner radius but same thickness. The extensional 
stiffness matrix [A] of tubes was then compared with [A] matrix ob-
tained from flat geometry of textile composite. It was found that for 
thick-walled small diameter tubes, the [A] matrix of tubular geometry is 
different from that of flat geometry by 5% to 13% (for (t/a) > 0.5). 
However, the stiffness coefficients of tubular geometry were close to that 
of flat geometry for sufficiently thin tubes (t/a < 0.1). 

Fig. 8. Trend of normalized A12 of SiC/SiC and carbon/epoxy. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 9. Trend of normalized A22 of SiC/SiC and carbon/epoxy. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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