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Abstract  Most cracks do not grow straight due to the inhomogeneity of material properties. 
Furthermore, quantifying structural damage using Lamb waves is difficult due to uncertain crack
shape. Here, we present a newly developed finite element model to simulate the propagation of 
Lamb waves in a cracked plate to quantify the influence of crack size and orientation on the
characteristics of Lamb wave propagation. This model includes a piezoelectric actuator and
sensor to generate and receive the tone-burst signals of Lamb wave. The damping coefficient of 
the finite element model was calibrated with the experimental data of plates without a crack. The
Lamb wave propagation simulations were performed with various crack sizes, crack orientations,
and distances between the actuator and sensor. Our model was utilized to investigate the influ-
ence of crack orientation on damage quantification based on the signal phase change and nor-
malized amplitude. We successfully evaluated the effect of the incident angle of the crack, crack
size, and distance between the sensors on the change of the plate wave signal characteristics.
The signal characteristics obtained from our novel finite element model can be used to develop a
quantification model to estimate the crack size, direction, and distance from the sensor. 

 
1. Introduction   

Structural systems in various applications degrade over time, eventually becoming damaged 
to a degree that threatens the safety of the structure. To prevent catastrophic structural failure, 
it is crucial to develop structural health monitoring (SHM) technology that can pre-emptively 
detect damage and estimate its severity. Guided waves are commonly used in the industry as a 
tool for SHM, which can detect and estimate damage in a structure [1-4]. Lamb waves are 
guided waves that can be classified into two vibrations modes: S-mode and A-mode. They are 
useful for SHM as they can travel a long distance without losing energy [1]. Most research uses 
the decay coefficient of Lamb waves to estimate the level of damage in a structure [5-9]. Chang 
et al. used PZT actuators to generate Lamb waves and to receive signals. They developed 
various diagnostics technologies and proved the effectiveness of their model for crack detection 
on the surface of metals [10, 11]. Ihn and Chang used damage index (DI) in the 0S  mode 
wave packet to monitor fatigue crack growth [5].  

However, it is difficult to quantify damage using Lamb wave due to the uncertain shape of 
cracks. Most cracks do not grow straight due to the inhomogeneity of material properties and if 
the crack is idealized as a straight one it can cause errors. Crack size is directly related with the 
fatigue life of a structure and the orientation of a crack can significantly affect the quantification 
of its size [12]. In this research, finite element analyses are utilized to characterize Lamb wave 
propagation in the existence of cracks with various sizes and orientations. Here, we develop a 
simulation model which can replace physical experiments so that Lamb wave characteristics 
under various situations can be thoroughly investigated. The data obtained in this work can be 
utilized in future studies to generate a quantification model for crack size and orientation, and 
eventually for estimating the remaining useful life of a steel structure with cracks by combining 
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the crack growth model and loading history. 

 
2. Guided wave 

Guided waves are crucial for SHM to detect damage in a 
structure. A guided wave is an ultrasonic vibration that propa-
gates through the length of a structure making it possible to 
estimate its health state by analyzing the change in amplitude, 
shape, and characteristics of the wave [4].  

 
2.1 Lamb wave 

The wave mode is defined as the vibration of particles during 
wave propagation. In a solid medium, the material is elastically 
displaced to generate a longitudinal wave, transverse wave, 
surface wave and plane wave. The Lamb wave used in this 
study is a plane stress wave generated in a plate with a free 
boundary condition. It consists of longitudinal and transverse 
waves passing through the thickness of the specimen and 
considers only the displacement through the propagation direc-
tion of the wave [13]. 

Horace Lamb was the first to study Lamb waves in 1917 [14]. 
Lamb waves propagate on a thin plate, where they generate 
elliptical motion by combining longitudinal and transverse mo-
tions [5]. These waves can be classified into S-mode (symmet-
ric) and A-mode (asymmetric) based on the shape of the vibra-
tion mode. S-mode moves symmetrically with respect to the 
neutral axis of the plate and its motion extends and com-
presses the plate. A-mode moves up and down asymmetrically 
through the neutral axis and resembles the displacement field 
of the simple flexural wave. Lamb waves have a dispersion 
property, and their velocity and frequency depend on the thick-
ness of the plate. The wave can propagate a long distance 
without losing much energy, making it useful for SHM [1]. 

 
2.2 Wave frequency selection 

The speed of guided waves can be explained with phase ve-
locity and group velocity which can distort the signal even at a 
specific frequency because waves with different velocities inter-
fere with each other. Therefore, it is important to select a fre-
quency based on the dispersion curve. Fig. 1 shows the dis-
persion curve of a Lamb wave in a 2 mm thick aluminum plate 
[14]. In our study, 160 kHz frequency is selected to limit the 
dispersal of the guided wave and ensure there is no interfer-
ence between the 0S  and 0A  mode. In this case, the group 
velocity of the 0S  mode and 0A  mode is 5.33 mm/μsec and 
2.26 mm/μsec, respectively. 

 
2.3 Tone burst signal of a lamb wave 

For our study, the Hanning window was applied to the Lamb 
wave of 160 kHz frequency. The Hanning window can limit the 
excitation frequency range and reduce the reflection between 
waves and the energy of specific frequencies. As the number 

of cycles in the Hanning window signal increases, the disper-
sion of excitation frequency is reduced; however, it requires 
longer tone burst signals and low resolution [4]. In general, a 5-
cycle sine wave is used as a tone burst signal due to its ade-
quate dispersion characteristics [5, 16-20]. However, the 5-
cycle tone burst signal is too long for the 400 mm aluminum 
plate considered in this study, causing interference between 
the excitation signals and reflected signals; therefore, a Han-
ning window signal with a 3.5-cycles tone burst signal is utilized. 
The sine wave and the Hanning window are formulated in Eqs. 
(1) and (2). Using Eqs. (1) and (2), the tone burst signal ( )y t  
is formulated, as in Eq. (3) and shown in Fig. 2: 

 
( ) ( )   2 cS t A sinsin f tπ= ×   (1) 

( ) 1 21
2

⎛ ⎞⎛ ⎞= × −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

cf tW t cos
N

π   (2) 

( ) ( ) 1 2   2 1
2

⎛ ⎞⎛ ⎞= × × −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

c
c

f ty t A sinsin f t cos
N

ππ   (3) 

 
where A  denotes the maximum amplitude, cf  is the center 
frequency, t  is the total signal time, and N  is the number of 
cycles. 

 
3. Piezoelectric sensor 

PZT-5H is the most common engineering piezoelectric sen-
sor and has the best piezoelectric ceramic material properties. 
In this work, the governing equation between the piezoelectric 
(PZT) effect and displacement is used for the finite element 
simulation of PZT-5H.  

 
3.1 Piezoelectric orthotropic material 

The PZT effect is a physical phenomenon where a solid sur-

 
Fig. 1. Lamb wave dispersion curve in a 2 mm thick aluminum plate. 

 

 
Fig. 2. 3.5-cycle tone burst signal for a Lamb wave.  
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face generates electric polarization when pressure is applied to 
the solid. Fig. 3(a) shows a Perovskite structure where 11 of 
the 32 crystal symmetries are at a central symmetry and 20 out 
of 21 non-central crystal symmetry shows piezoelectricity. A 
PZT sensor is a representative of multi-crystal piezoelectricity, 
which is generated by the poling process, as shown in Fig. 3(b). 
When a force is applied to non-central crystal symmetry, it 
transforms to electric dipole and generates the PZT effect of 
the sensor function. Conversely, when an electric voltage is 
applied, ions move to the opposite pole and can extend or 
shrink the crystal, which is called the inverse PZT effect of the 
actuator function [1]. Since dipoles have a directional property, 
adopting an orthogonal coordinate system is required to ex-
plain the behavior of the piezoelectric materials. Fig. 4 illus-
trates an orthogonal coordinate system (1-2-3) based on the 
poling direction. The material constants can have two sub-
scripts; the first one represents the direction of the electric field 
while the second represents the direction of mechanical defor-
mation. For example, in the crystal structure, the coupling coef-
ficient 31d  explains how much strain occurs in the x direction 
when the electric field is imposed in the z direction. It is critical 
to align the material coordinate system and principal directions 
in the simulation [2]. 

 
3.2 Piezoelectric constitutive formulas 

The characteristics of PZT and inverse PZT effects can be 
represented using electric and mechanical parameters in or-

thogonal coordinates. The piezoelectric coefficient matrix is 
obtained as Eq. (4) [23]. The PZT coefficient matrix is either the 
polarization generated per unit of mechanical stress applied to 
PZT material or the mechanical strain experienced by PZT 
material per unit of an applied electric field.  

 

111 1 22 1 33 112 113 1 23

2 11 2 22 2 33 2 12 2 13 2 23

311 3 22 3 33 312 313 3 23

   
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

mij

d d d d d d
d d d d d d d

d d d d d d

ϕ . (4) 

 
The first index on these coefficients refers to the component 

of electric displacement, while the last pair of indices refer to 
the component of mechanical stress or strain. Because the 
strain induced in PZT material by an applied electric field is the 
product of the value for the electric field and the corresponding 
component in the d  matrix, d  is an important indicator of 
material suitability for a PZT actuator. The triple index notation 
can be converted easily to the required double index notation 
using a conventional method. 

PZT material responds to an electric potential gradient by 
straining, while stress causes an electric potential gradient in 
the material. Eq. (5) denotes the strain tensor generated by the 
electric potential gradient and mechanical stress and Eq. (6) 
shows the electric displacement vector generated by mechani-
cal strain and electric potential gradient [2, 23]. The strain ma-
trix represents the actuator function of PZT to produce me-
chanical motion, while the electric displacement matrix repre-
sents the sensor function of PZT. 

 
= + E

ij mij m ijkl kld E Sϕε σ   (5) 
( )= +i ijk jk ij jq d D Eϕ σϕ σ .  (6) 

 
In Eqs. (5) and (6), d  is the PZT strain coefficient matrix, 
E  is the electrical potential gradient vector, S  is the elastic 
compliance for stress and σ  is the mechanical stress tensor. 
The superscripts E , ϕ , or σ  indicate that the property is 
defined at zero electrical gradient, zero electrical displacement, 
and zero stress, respectively. 

 
3.3 Piezoelectric material properties 

The PZT actuator and sensor used in this research is PZT-
5H, whose PZT coefficient matrix at 25 °C is given in the fol-
lowing equation:  

 

12

0 0 0 741 0 0
0 0 0 0 0 741
274 593 274 0 0 0

10 /−

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥− −⎣ ⎦

mijd m Vϕ .
 

 (7) 

 
The mechanical characteristics of PZT-5H are shown in Ta-

ble 1 [29-31]. 

 
 (a) (b) 
 
Fig. 3. (a) Perovskite structure above the Curie point; (b) perovskite unit cell 
showing the off-centered titanium ion [21]. 

 

 
 
Fig. 4. Orthogonal coordinate system and poling direction [22]. 
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4. Finite element model development 
Here, we present an effective model to simulate the effect of 

a PZT actuator and sensor that can capture Lamb wave sig-
nals. To perform a finite element simulation, the commercial 
software Abaqus was used. Implicit time integration of a 
nonlinear dynamic analysis was used to simulate the wave 
propagation. 

 
4.1 Element size 

Table 2 shows the material properties of the Aluminum 2024-
T3 plate used in both the simulation and experiment. It is im-
perative to select the maximum element size for the simulation 
to avoid aliasing between the shortest wave and the transverse 
wave propagating slowly [24].  

To obtain the maximum element size, we must first calculate 
the speed of the transverse wave and the shortest wave length. 
The transverse wave speed of the Al 2024-T3 plate is given in 
Eq. (8), and the shortest wave length is calculated using Eq. (9) 
considering a 160 KHz frequency. By using these two equa-
tions, the allowable largest element size is calculated in Eq. 
(10) [32, 33]. By considering the size of the PZT sensors, the 
maximum element size is determined to be 1.0 mm. 

 

( )
   

2 1
= = =

+T

G EC μ
ρ ρ ρ υ

  (8) 

 = T
min

C
f

λ   (9) 

10
≤ min

maxL λ .  (10) 

 
In Eqs. (8)-(10), TC  is the transverse wave speed, G  is 

the shear modulus, ρ  is the density, υ  is the Poisson’s ratio, 
μ  is Lamb constants, E  is Young’s modulus, f  is the 
Lamb wave frequency, and L  is the element size.  

 
4.2 Time step of analysis 

Determining the appropriate time step of the time integration 
is essential to guarantee the accuracy of the nonlinear dynamic 
analysis. In general, accuracy is improved with a small-time 
step with a high computational cost. Conversely, the high fre-
quency response will be inaccurately simulated if the time step 
is too large [25]. The longitudinal wave speed is first calculated 
using Eq. (11) and the time step is calculated based on Eq. 
(12). In addition, to be able to detect one wavelet within a time 
step, element sizes must also be calculated based on longitu-
dinal wave speed when meshing a model. In this work, a time 
step of 0.2 μs is used considering the longitudinal speed of 
5051 m/s and the element size of 0.1 mm for the 2 mm thick-
ness Al 2024-T3 plate. 

 

 =L
EC
ρ

  (11) 

 Δ =
L

Lt
C

.  (12) 

Table 1. Material properties of PZT-5H [29-31]. 
 

Parameter Value 

Radius (m) 0.0035 

Thickness (m) 0.0002 

Density (kg/m²) 7800 
Young's modulus E1  (GPa) 60.61 

Young's modulus E2  (GPa) 60.61 

Young's modulus E3  (GPa) 48.31 
Poisson's ratio ν12  0.512 

Poisson's ratio ν13  0.408 

Poisson's ratio ν 23  0.289 
Shear modulus G12  (GPa) 23.0 

Shear modulus G13  (GPa) 23.0 

Shear modulus G23  (GPa) 23.5 
 

Table 2. Material properties of aluminum 2024-T3. 
 

Thickness (m) 0.002 

Density (kg/m²) 2780 

Young's modulus (GPa) 72.00 

Poisson's ratio  0.33 

 

  
(a) 

 

 
(b) 

 
Fig. 5. (a) Experimental setup; (b) aluminum 2024-T3 specimen with PZT-5 
sensors in a pitch-catch configuration. 
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In Eqs. (11) and (12), LC  is the longitudinal wave speed, 
E  is Young’s modulus, ρ  is the density, Δt  is the simula-
tion time step, and L  is the element size.  

 
4.3 Finite element model 

In this work, a finite element model is constructed consider-
ing the experimental setup in Ref. [26] shown in Fig. 5: a Lamb 
wave testing experiment on aluminum 2024-T3 plates with 
cracks of different sizes. Our finite element model consists of 
aluminum 2024-T3 plates with PZT-5H actuator/sensor. Two 
half plates are partially connected using a ‘tie’ constraint to 
represent cracks with various sizes. To provide the Lamb wave 
signals in the form of the electric potential to the PZT actua-
tor/sensor, all nodes in a PZT actuator/sensor are connected 
with a reference node via linear constraint equations. Fig. 6 
shows the finite element model of the plate and PZT actua-
tor/sensor. In the actuator, the electric potential is assigned in 
the form of tone-bust signals, which is converted into strain, as 
shown in Eq. (5). After the generated wave is propagated 
through the plate, the sensor converts the strain into the output 
voltage using Eq. (6).  

 
4.4 Results and validation 

The first step in the simulation is to calibrate the simulation 
parameters and validate the simulation prediction against ex-
perimental measurements [5, 27]. The Lamb wave signal can 
be obtained in the pitch-catch configuration. The amplitude of 
the received signal will be reduced if the crack size increases in 
the pitch-catch method. The forward scattered wave takes 
detours to the sensors once it encounters a crack. Thus, the 
time of arrival of the received signal will be delayed as the 
crack size increases. This feature is the phase change of the 
signal, which means the time-of-flight (ToF) difference between 
undamaged signal and damaged signal. Also, the reflection of 
signal is related to the distance between the sensor and dam-
age in such a way that the amplitude of reflected wave would 
decrease due to wave attenuation and dispersion with the in-

creased distance where the damage is regarded as a new 
wave source. Such a phenomenon complicates effective dam-
age identification based on wave scattering [34-36].  

Among various types of waves, 0S  mode is known to be 
sensitive to cracks [27]; therefore, we also utilized 0S  mode 
for analyzing signal characteristics. First, signals on the no-
crack plate are used for calibrating the simulation model. When 
the distance between the actuator and sensor is 300 mm, the 
arrival time of an 0S  mode Lamb wave with 160 kHz is 
56.3 μs. Fig. 7 shows that the signals from the simulation and 
experiment arrived at the same time. The damping coefficient 
proportional to stiffness is adjusted so that the amplitudes in 
the simulation and experiment match each other. Table 3 
shows the change in phase angle and the normalized ampli-
tude when the incident angle is 90°. The crack signal ampli-
tudes are normalized with the no-crack signal amplitude. We 
found that as the crack size increases, the normalized ampli-
tude decreases, but the phase angle increases. Based on the 
above results, it is possible to develop a quantitative model 
because the signal is clearly different depending on the size of 
the crack. A quantitative model based on the normalized ampli-
tude and phase change can be used to estimate the crack size. 

 
5. Incident angle crack model 

It is unrealistic that a crack will grow in a perpendicular direc-
tion to the actuator-sensor line. Therefore, to study the effect of 
orientation of the crack to the sensor signals, cracks of various 
angles were simulated using a finite element analyses. 

 
Fig. 6. Schematic and finite element model constraints of a specimen 
model with a 90° incident angle. 
 

Table 3. Lamb wave characteristics introduced by the change of crack size 
with experimental and simulation results. 
 

 Crack 
lengths (mm) 

Phase 
change 

Normalized 
amplitude 

0 0 1 
8 0.1 0.9200 

20 0.3 0.7962 
Experimental 

30 0.6 0.6669 
0 0 1 

8 0.2 0.9278 

20 0.3 0.7923 
Simulation 

30 0.6 0.6809 

 

 
Fig. 7. Experimental and simulation Lamb wave data with an incident angle
of 90° and 0 mm crack. 
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5.1 Incident angle with various sensor distance 

In this work, the incident angles were set to 45°, 60°, 75°, 
and 90° while the crack size varied between 10 mm and 
30 mm in an increment of 5 mm. To find the effect of distance 
between the sensor and crack, the distance also varied to 
300 mm, 250 mm, and 200 mm. Two crack models were used 
to investigate the effect of element orientation on signal propa-
gation. The first model is the one validated in Sec. 4, as shown 
in Fig. 8. In this model, the crack location and orientation are 
fixed. Four sensors and actuators are located in a circular pat-
tern at 15° intervals so that the aforementioned angles can be 
realized. The radius of the circular pattern is also changed to 
examine the effect of the sensor-actuator distance. However, 
the wave propagation in different angles may be affected by 
the element direction. In the second model, to minimize the 
effect of element orientation, the direction of the sensor and 
actuator are fixed, while the orientation of the crack is changed, 
as shown in Fig. 9. In this model, the projected crack size nor-
mal to the sensor-actuator line is first determined. The real 
crack size is then calculated using the trigonometric relation-
ship. In addition, to reduce the computational cost, the width of 
the plate is reduced by a half. As shown in Fig. 10, the element 
near the crack is rectangular-shaped, but most other regions 
have a 1 mm square-shaped element. 

 
5.2 Result and discussion 

This section presents the results from the two models at differ-
ent orientations. For both models, the arrival times of the 0S  
mode with a distance of 250 mm and 200 mm were 46.9 μs and 
37.5 μs, respectively. All results were normalized by the no-crack 
case. Table 4 summarizes the effect of crack size on the change 
of phase angle and the normalized amplitude when the incident 
angle is 75° using the first model. Fig. 11 summarizes the 
change of phase angle and the normalized amplitude for differ-
ent crack sizes, distances, and incident angles. The summarized 
results of the second model are shown in Table 5 and Fig. 12.  

For the first model, we found that the phase angle and ampli-
tude converge to the no-crack case as the incident angle de-
creases. This is because the sensitivity to the crack is reduced 
as the angle decreases. The characteristics of the Lamb wave 
become clear as the distance between the actuator and sensor 
decreases, and the effect of crack size increases as the inci-
dent angle increases. For the second model, there is not much 
variation in the phase angle as the incident angle decreases. 
This is likely due to the phase change being smaller than the 
first model as it minimized the influence of the mesh over the 
first model in which waves propagated along the diagonal of 
the square elements. It can also be seen that the normalized 
amplitude changes minimally when the incident angle de-
creases. This is because the second model does not change 
signals much because the projected crack size remains con-
stant even if the real crack size increases as the incident angle 

Table 4. Signal characteristic data for a sensor distance of 250 mm and an 
incident angle of 75° in the simulation of the first finite element model. 
 

Incident angle Crack 
lengths (mm) 

Phase 
change 

Normalized 
amplitude 

0 0 1 
10 0.38 0.8781 

15 0.43 0.8152 

20 0.55 0.7753 
25 0.70 0.7208 

75° 

30 0.83 0.6598 

 
 

 
Fig. 11. Influence of variable incident angle with crack sizes and sensor 
locations on the first finite element model. 

 
 
Fig. 8. First finite element model of the simulation with variable incident 
angles with crack sizes and sensor locations. 

 

 
 
Fig. 9. Second finite element model of the simulation with variable incident 
angles with crack sizes and sensor locations. 

 

 
 
Fig. 10. The shape of the element around the incident angle crack of 60° 
with a size of 10 mm in the second finite element model. 
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decreases. The mesh influence and sensor direction effect will 
be investigated with additional experiments and finite element 
models in future studies.  

 
6. Conclusions 

This research presents a method of simulating Lamb wave 
propagation over a cracked plate. A PZT actuator and sensor 
are modeled using a finite element to effectively represent the 
behavior of a Lamb wave. The simulation utilized 0S  mode 
waves, which are sensitive to crack damage on an aluminum 
plate. The simulation parameters were calibrated using the 
experimental data over a no-crack plate. Based on simulations 
with various incident angles and the distances between the 
PZT actuator and sensor, the phase angle and amplitude 
changes were analyzed to yield the following conclusions. 

1) We constructed an FE model of a PZT actuator and sen-
sor. This FE model was verified through experiments on the 
phase change and normalized amplitude according to the 
crack size in the crack perpendicular to the sensor. This model 
can be used to detect various inclined cracks in a structure. 

2) Based on the FE simulation results, we confirmed that the 
signal characteristics due to cracks clearly show a change in 
signal characteristics as the incident angle increases. As the 
incident angle increases, the amplitude changes increase. 

3) The size and the incident angle of the crack significantly 
affect the change in signal characteristics and the effect in-
creases as the incident angle increases. In addition, as the 
distance between the actuator and sensor decreases, the dif-
ference in signals becomes clearer. 

In this study, we confirmed that the incident angle, crack size 

and distance affect the characteristics of Lamb wave signals. 
This work requires further validation using additional experi-
ments. Developing a reliable model with parameters that can 
influence the signal characteristic is required, which can even-
tually lead to more accurate prediction. Lastly, cracks in real 
applications are not straight; therefore, it is necessary to inves-
tigate the signal characteristics as a function of crack shape. 
For that purpose, an adequate method of meshing the cracked 
plate must be identified with further experimental validation.  
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Nomenclature------------------------------------------------------------------ 

( )S t   : SIN function  
( )W t  : Hanning window function 

( )y t   : Tone burst signal 
φ
mijd  : Piezoelectric coefficient matrix  
ijε   : Strain vector  
mq   : Electric displacement matrix 
TC   : Transverse wave speed 
minλ  : Shortest wave length 

L   : Element size  
LC  : Longitudinal wave speed 

∆t  : Time step of analysis  
f   : Center frequency of lamb wave 
t   : Total signal time of lamb wave 
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