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Early in the design process, there is often mixed epistemic model uncertainty and alea-
tory parameter uncertainty. Later in the design process, the results of high-fidelity simu-
lations or experiments will reduce epistemic model uncertainty and may trigger a
redesign process. Redesign is undesirable because it is associated with costs and delays;
however, it is also an opportunity to correct a dangerous design or possibly improve
design performance. In this study, we propose a margin-based design/redesign method
where the design is optimized deterministically, but the margins are selected probabilisti-
cally. The final design is an epistemic random variable (i.e., it is unknown at the initial
design stage) and the margins are optimized to control the epistemic uncertainty in the
final design, design performance, and probability of failure. The method allows for the
tradeoff between expected final design performance and probability of redesign while
ensuring reliability with respect to mixed uncertainties. The method is demonstrated on a
simple bar problem and then on an engine design problem. The examples are used to
investigate the dilemma of whether to start with a higher margin and redesign if the test
later in the design process reveals the design to be too conservative, or to start with a
lower margin and redesign if the test reveals the design to be unsafe. In the examples in
this study, it is found that this decision is related to the variance of the uncertainty in the
high-fidelity model relative to the variance of the uncertainty in the low-fidelity model.
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1 Introduction

Engineering design is an iterative process. Early in the design
process, such as at the preliminary design phase, engineers often
utilize low-fidelity models which may be associated with high
uncertainty. Model uncertainty is classified as epistemic uncer-
tainty when it arises due to lack of knowledge, it is reducible by
gaining more information, and it has only a single true (but
unknown) value [1-3]. In addition, almost all engineering designs
are subject to aleatory uncertainty (e.g., loading, material proper-
ties, etc.). The input parameter uncertainty is classified as aleatory
if it is due to natural or inherent variability, it is irreducible, and it
is a distributed quantity." Later in the design process, when

'The distinction between aleatory and epistemic uncertainties is somewhat
controversial and not always clear. Faber argues that the classification of uncertainty
has a dependence on modeling scale as well as time [4] and O’Hagan and Oakley
raised the question of whether there is any true randomness or if all uncertainty
might be considered epistemic [5].

Contributed by the Design Automation Committee of ASME for publication in
the JoURNAL oF MEcHANICAL DESIGN. Manuscript received March 3, 2016; final
manuscript received July 17, 2016; published online September 12, 2016. Assoc.
Editor: Shapour Azarm.

Journal of Mechanical Design

Copyright © 2016 by ASME

prototypes are tested or high-fidelity simulations are performed,
new knowledge will become available that reduces epistemic
uncertainty and may result in a decision to change the initial
design. Changing the initial design, referred to as redesign or
engineering change (EC), is an important issue for industry and
engineering management [6,7]. Redesign is often viewed nega-
tively because it is associated with costs and delays; however, it is
also an opportunity for design improvement [6].

Research related to redesign, or engineering change, has mostly
been performed at the system level requiring a high level of
abstraction. These methods include the change prediction method
(CPM) [8], the RedesignIT computer program [9], a pattern-based
redesign methodology [10], a combination of a function-behavior-
structure (FBS) linkage model with the CPM method [11], and a
Monte Carlo simulation (MCS)-based method of estimating rede-
sign risk [12].

At a lower level of abstraction, redesign is typically triggered
when an initial design is later revealed to not meet specifications
or constraints due to model uncertainty. Redesigning one compo-
nent may trigger the propagation of changes throughout the sys-
tem; however, this subsequent change propagation is not directly
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addressed in this study. Villanueva et al. simulated the effects of
future tests and redesign on an integrated thermal protection sys-
tem (ITPS) considering the effect of redesign on the uncertainty in
the probability of failure [13]. Matsumura et al. compared
reliability-based design optimization (RBDO) considering future
redesign to traditional RBDO [14]. Villanueva et al. demonstrated
the tradeoff between expected design performance and probability
of redesign for the ITPS example [15]. Price et al. compared
designer versus company perspectives on starting with a higher
margin and possibly redesigning to improve performance to start-
ing with a lower margin and possibly redesigning to improve
safety [16]. This study develops a generalized formulation of the
previously application-specific formulations [13,15,16] and
explores how the degree of conservativeness in the initial design
relates to the expected design performance after possible redesign.
In related work, Price et al. introduced a Kriging surrogate to rep-
resent epistemic model uncertainty in order to consider spatial
variations in model uncertainty in the context of simulating the
effects of future tests and redesign [17].

Research regarding redesign is similar to research regarding
design flexibility. Design flexibility might be summarized as the
potential for a design to be easily modified in response to a change
in requirements [18]. Similar to redesign, design flexibility is
often understood to be a means of coping with uncertainty and in
particular a means of handling time variant design requirements
[18]. As demonstrated by De Neufville and Scholtes, the expected
value of a project can be significantly increased if the project can
be easily adapted to new circumstances in order to avoid down-
side risks or exploit opportunities [19]. This is similar to the idea
presented in this study of improving expected design performance
through redesign for safety and redesign for performance. Roser
and Kazmer proposed the flexible design method which allows a
designer to minimize total expected costs while considering possi-
ble design changes occurring later in the design process [20,21].
Roser et al. demonstrated an economic method for deciding
between design changes with different levels of uncertainty and
different associated costs [22].

Redesign is often caused by epistemic model uncertainty. If
engineers had access to models that were capable of perfectly
predicting design performance and the necessary resources to
exercise them in the design process, then the initial design would
definitely satisfy design constraints and redesign could largely be
avoided. Assuming a known true model, reliability-based design
optimization (RBDO) has mostly focused on ensuring a pre-
scribed level of reliability given known aleatory parameter uncer-
tainty [23-25]. Therefore, most RBDO formulations are implicitly
conditional on the model of the system exactly matching the true
physics of the system. Some studies have sought to specifically
address the incorporation of model uncertainty into reliability-
based design [26-28]. However, to compensate for all the lack of
knowledge (i.e., epistemic model uncertainty) that is present at
the initial design stage, the initial design may need to be very con-
servative. In reality, engineering design is an iterative process
where over time designs are tested, experiments are performed,
models are improved, and new knowledge is gained that reduces
epistemic uncertainty. If there will be a future opportunity to
reduce epistemic uncertainty and possibly change the initial
design (i.e., redesign), then this may affect the selection of the ini-
tial design.

Typically, an initial design will have some margin relative to
design constraints in order not only to improve safety, but also to
provide some insurance against future redesign [29]. When select-
ing a margin for the initial design, designers face a dilemma in
whether to start with a larger initial margin (i.e., more conserva-
tive initial design) and possibly performing redesign to improve
performance versus starting with a smaller margin (i.e., less con-
servative initial design) and possibly performing redesign to
restore safety. This decision to be more or less conservative in the
design process is similar to the question of optimistic versus pessi-
mistic design practices as explored by Thornton [30]. This paper
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proposes a general method for optimizing the margins governing
a two-stage deterministic design process in order to control the
epistemic uncertainty in the final design, design performance, and
probability of failure. The method considers the probability of
future redesign while selecting the initial design. This allows for
the tradeoff between expected final design performance and rede-
sign risk while still ensuring reliability. The method is demon-
strated on a simple bar problem and then on an engine design
problem.

The methods are described in Sec. 2. In Sec. 3, the method is
applied to the design of a minimum weight uniaxial tension bar
and then to the engine design of a supersonic business jet. The dis-
cussions and conclusions are presented in Sec. 4. Limitations of
the proposed method and perspectives for future work are pre-
sented in Sec. 5.

2 Methods

The deterministic design process consists of selecting an initial
design, testing the initial design, and possibly performing calibra-
tion and redesign. The process is controlled by an initial margin
Nini» lower and upper bounds on acceptable margins ny, and nyy,
and a redesign margin .. These margins n = {#in;, b, Nub, Mre
are optimized as described in Sec. 2.1. The optimizer calls a func-
tion to perform a crude Monte Carlo simulation (MCS) of episte-
mic error realizations as described in Sec. 2.2. The complete
design, test, and possible calibration and redesign process is
carried out for each realization of epistemic error as described in
Sec. 2.3. Probability of redesign, expected probability of failure,
and expected design cost are calculated from the MCS as
described in Sec. 2.4.

2.1 Optimization of Margins. The margins n are optimized
to minimize the expected value of the design cost function subject
to constraints on expected probability of failure and probability of
redesign. The formulation of the optimization problem is

min  Ez[Eyf (Xna, U)]]

Wt 1= {Rini, M, Nup, Mre

st. B[P final < pf (1
Pre < Pre
iy < Nyp

Rpin < 1 < Rmax

where Eg[-] is the expectation with respect to epistemic uncer-
tainty, Ey[] is the expectation with respect to aleatory uncer-
tainty, f(-,-) is an objective function, Xy, is the vector of final
design variables, U is a vector of aleatory random variables,
Py finar 1s the final probability of failure, and p,. is the probability
of redesign. The final design and final probability of failure are
epistemic random variables. In the objective function, the mean is
first calculated with respect to aleatory uncertainty for each design
realization and then the expectation is calculated over the means
with respect to epistemic uncertainty. The optimization is based
on an MCS as seen in Fig. 1. Solving the optimization problem
for different values of p, results in a tradeoff between expected
cost and probability of redesign. Covariance matrix adaptation
evolution strategy (CMA-ES) with a penalization strategy to han-
dle the constraints is used to solve the optimization problem [31].

2.2 Monte Carlo Simulation of Epistemic Model Error.
The epistemic model uncertainty and aleatory parameter
uncertainty are treated separately. To represent epistemic model
uncertainty, we introduce the epistemic random variables E; and
Ey to represent the error in the low- and high-fidelity models,
respectively. In this work, it is assumed that design models
improve over the course of the design process with low-fidelity
models being available early and high-fidelity models becoming
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Optimization of margins

n X final> Pt<final» Pre

Simulation of determinis-
tic design / redesign process

A. Stage 1: Design optimization

MCS Loop - For i =1 to m realizations of
epistemic model uncertainty:

Simulated test

Redesign decision (yes / no)
Calibration (if yes)

Stage 2: Design optimization (if yes)
Reliability analysis

TmoNw

Fig. 1 The overall design process consists of optimization of
the margins based on an MCS of the deterministic design/rede-
sign process

available later. For example, the high-fidelity model may be an
actual experiment using a design prototype that was designed
based on a low-fidelity computer simulation. In the proposed
method, we assume that only the low-fidelity model is available
and therefore predictions of the high-fidelity model and the true
model are defined with respect to this known model. In the pro-
posed design process, only the low-fidelity model is used during
design optimization and all high-fidelity model evaluations are
simulated. To simplify the propagation of mixed epistemic model
uncertainty and aleatory parameter uncertainty, it is assumed that
the discrepancy between the low- and high-fidelity models and
between the high-fidelity and true model is constant with respect
to design variables x and aleatory variables U. The assumed rela-
tionship between the different fidelity models is

gr(x,u) = gu(x,u) + ey = gr(x,u) + ey (2)

where x € R? is a vector of design variables, U is a vector of
aleatory random variables with a realization u € R”, gr(-,-) is
the true model, gy(-,-) is the high-fidelity model, g (-,-) is the
low-fidelity model, ey € R is the true error in the high-fidelity
model, and ¢; € R is the true error in the low-fidelity model. It
is assumed that the possible errors are known based on expert
opinion or previous experience. Representing an expert’s knowl-
edge and beliefs about an unknown parameter as a probability
distribution is referred to as elicitation. For a discussion of elici-
tation and how it relates to epistemic uncertainty, the reader is
referred to the work of O’Hagan and Oakley [5]. For a more
general discussion of elicitation methods, the reader is referred
to the work of Kadane and Wolfson [32]. In this study, the
errors £; and Ey are modeled as two independent uniformly dis-
tributed epistemic random variables with Var(Ey) < Var(EL).
Uniform distributions are used because we assume we do not
have much information except for the lower and upper bounds
of the error. In practice, other distributions can be used based
on the available information.

The true model is predicted based on the distribution of error
E; as

GT(x7 ll) :gL(x7 ll) +EL (3)
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Simulation of determinstic design / redesign process

Stage 1:
Design
Optimization
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Simulated test
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: Stage 2: |

1 Final Design Design 4—‘—@

1 Optimization :
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! Reliability .

\ Analysis 1
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Fig. 2 Flowchart showing the steps in the two-stage determin-
istic design/redesign process (lower box from Fig. 1). Margins
n = {Nini, Mp, Nub, Nre } are shown as inputs at relevant steps.

Similarly, the high-fidelity model is predicted as
GH()C7 u) :gL(x7u)+EL —EH (4)
Let g(Ti)(~7 -) denote a realization of Gr(-,-) and Qg denote the

epistemic sampling space. It is assumed that there exists an episte-

)

mic realization, He(LI € Qp, such that the realization corresponds

to the true process, g¥)(~7 -) = gr(-,-). This follows from the
assumption that the true relationship can be written as shown in
Eq. (2) and the assumption that the epistemic random variable £,
includes the true model error. The mean of the possible errors is
defined as e; and ey. The mean prediction with respect to episte-
mic uncertainty of the high-fidelity model and true model are
defined as g, (-, ) and g,(-, ), respectively.

A crude Monte Carlo simulation of i = 1, ..., m error realiza-
tions is performed. In Sec. 2.3, design/redesign process is
described conditional on one pair of error samples. The determin-
istic design/redesign process is repeated for many different error
realizations. Based on the MCS, the risk of redesign is estimated.
Furthermore, the MCS explores how failing a future test is related
to the final design performance and safety.

2.3 Deterministic Design/Redesign Process. A flowchart of
the design/redesign process is shown in Fig. 2. The design process
consists of selecting an initial design, a simulated evaluation of the
initial design with a high-fidelity model, possible redesign, and a
reliability assessment. In Sec. 2.3.1-2.3.3, the process is described

conditional on the error realizations E; = ep and Ey = ez).

2.3.1 Initial Design. The selection of the initial design is
based on a deterministic margin-based optimization problem
min  f(x, uger)
wrt. X

5
st gr(x, taer) — fini > 0 ©

Xmin <x< Xmax

where ug4 is a vector of deterministic values that are substituted
for aleatory random variables. The bar accent in Eq. (5) indicates
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the average taken over the distribution of possible model errors.
Note that if the low-fidelity model is believed to be unbiased,
e; = 0, then the mean prediction of the true model is simply the
low-fidelity model g;(-,-). The failure domain is defined with
respect to the true (but unknown) model gr(-,-) as

Q(x) = {u € Qulgr(x,u) <0} (6)

where € is the aleatory sampling space. Let xj,; denote the
optimum design found from Eq. (5) using initial margin n;,;. It is
assumed that the conservative values uq.; are based on regulations
(e.g., FAR §25.613 [33], FAR§25.303 [34]) and/or previous
experience.

2.3.2 Testing Initial Design and Redesign Decision. Later in
the design process, the initial design xj,; will be evaluated with
the high-fidelity model to measure the margin. In the Monte Carlo
simulation, the test is based on a simulated high-fidelity evalua-
tion gg) (Xini, Uder). If npp < gg) (Xinis Uaer) < nyp, then the initial
design will pass the test and be accepted as the final design. How-
ever, if gg) (Xini, Udet) < b, then the design is unsafe and redesign

will be performed to improve safety. If g}_}) (Xini, Udet) > nyp, then
redesign is performed to improve performance because the initial
design is too conservative. An indicator function for the redesign
decision is denoted ¢() which is one for redesign and zero other-

wise. Redesign initiated due to a low margin (gg) (Xini, Uder) < Mp)
is referred to as redesign for safety and redesign initiated due to a

high margin (gg) (Xini, Uger) > nyp) is referred to as redesign for
performance.

2.3.3 Model Calibration. Before redesign, the mean predic-
tion of the true model g, (-, -) is calibrated based on the test result.
The model is calibrated deterministically based on the difference
between the prediction and the high-fidelity evaluation of the ini-
tial design. The calibrated model is
() 5 U]

Seativ (¥, ) = &7 (X, u) + ey D

al
where ega),ib = g,(;) (Xinis Wdet) — §7(Xini, Uaer). The calibrated model
Geaiib(+, +) accounts for changes in the model that might occur
during the future calibration. The calibration improves the model
when the high-fidelity model is more accurate than the low-
fidelity model, |eg)\ < \e$)|. This simple method of calibration
works well because of the underlying assumption that the model
bias is constant as described in Eq. (2). Due to the assumption of
constant model bias, the error in the low-fidelity model is canceled
out during calibration and the calibrated model is simply equal to

the high-fidelity model, g&)ﬁb(-, )= gﬁ_j)(-7 ).

2.34 Redesign. If the test is not passed, redesign will be per-

formed to find a new design using the calibrated model gﬁia)“b(~, )
and a new margin n.. The deterministic design problem for
selecting a new design after calibration is

f(x, uger)

wrt x

min

®)

s.t. gga)nb(h Uger) — Mre > 0
Xmin S X S Xmax

Let xEQ denote the solution to Eq. (8). The new design X,. is an
epistemic random variable because it is conditional on the
unknown outcome of the future high-fidelity evaluation. However,
there is no inherent variability (i.e., aleatory uncertainty) in the
design choice. The new design is a random variable only because
it is unknown at the initial design stage. Note that the feasible
design space of the redesign problem Eq. (8) is different than the
feasible design space in the initial design problem Eq. (5) due to

111409-4 / Vol. 138, NOVEMBER 2016

the calibration and the use of a margin n, that may be different
than n;,;. Conditional on the outcome of the future test, some
designs with improved performance may become accessible dur-
ing redesign that were previously considered infeasible or some
designs that were previously considered reasonable may be
revealed to be unsafe.

2.4 Probabilistic Evaluation. Each set of margins n results
in a probability of redesign p,., a final probability of failure after
possible redesign Py fina (epistemic random variable), and a final
cost Ey[f (Xfinal, U)] (epistemic random variable). Histograms of
random variables are obtained based on a crude MCS as described
in Sec. 2.2. The expected values with respect to epistemic model
uncertainty that are used in Eq. (1) are obtained using numerical
integration.

The probability of redesign is pr. = IE£[Q]. After possible rede-
sign, the final design is

X = (1= 47z +47x] ©
The expected mean design cost after possible redesign is
Eg[Ey[f (Xfina, U)]]. The expected mean design cost can be writ-
ten in terms of conditional probabilities as

Eg[Eylf (Xtinat, U)]] = (1 = pre) B [f (xini, U)]

Frele[Evlf(Xe, U)]lOQ =1]  (10)
where E [f (xini, U)] is the expected mean design cost conditional
on passing the test and Eg[Ey[f (X, U)]|Q = 1] is the expected
mean design cost conditional on failing the test.

The final margin with respect to the high-fidelity model after
possible redesign is

i = (1= 4)g) (eint, wae)+ ¢Vl (0 wge) (A1)

where the high-fidelity model is equal to the calibrated model due
to the calibration process as described in Sec. 2.3.3. The final mar-
gin with respect to the true model after possible redesign is

n(Ti,)final = (1= ¢D)gy (xiniy taer) + 498 (1, ger)

(12)
Due to epistemic model uncertainty, the true probability of fail-
ure is unknown. A realization of the probability of failure for the
initial design is
Py = Pulgt (ximi, U) < 0] (13)
f,ini ST iy
where P[] denotes the probability with respect to aleatory
uncertainty. In the probability of failure calculation, epistemic
model uncertainty is treated separately from the aleatory uncer-
tainty. There is epistemic uncertainty in the true probability of
failure with respect to aleatory uncertainty due to epistemic model
uncertainty. In other words, there is a lack of knowledge regarding
the probability of failure because it is calculated using a low-
fidelity model which may have some error or bias. In reality, the
true probability of failure of the final design does not depend on
model fidelity. However, our knowledge of the true probability of
failure depends on the uncertainty in our models. To account for
model uncertainty, the probability of failure calculation is
repeated conditional on different realizations of the true model
gy)(~, -) as shown in Eq. (13). After redesign, the probability of
failure is

il = Pulgy (x),U) < 0]
The design variable xg) is an epistemic random variable because
it is conditional on the outcome of the future test. The final proba-
bility of failure after possible redesign is

(14)
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Table 1

Problem definition for uniaxial tension test example

Description Notation
Design variable Cross-sectional area (mm?) xX=a
Aleatory variables Applied load, material strength U={P,S}
Conservative values Limit load, allowable strength uge = {1600N, 15.35 MPa}
Objective function Cross-sectional area (mm?) fx)=a
Limit-state function Yielding g(x,U)=S—P/a
Target mean reliability pp=1x 1073

Table2 Uncertain parameters for uniaxial tension test example

Parameter Classification Symbol Mean, u C.0.vV Range Distribution
Applied load Aleatory P (N) 1000 0.20 (—00, 00) Normal
Material strength Aleatory S (MPa) 20 0.12 (—o00, 00) Normal
Error in low-fidelity model Epistemic E; (MPa) 0 — [—4.35, 4.35] Uniform
Error in high-fidelity model Epistemic E (MPa) 0 — [—2.18,2.18] Uniform
(U i)Y, () i) (0)
ffinal = (1 = q") Fini + ‘Impftre (15) 170gr . .
The expected probability of failure after possible redesign is 165 i 1
E£[Pf finai]. The expected probability of failure can be written in Performance

terms of conditional probabilities as

EE[Pf,final} = (] _pre)EE[Pf,inilQ = 0] +preEE[Pf,re‘Q = ]]
(16)

where Eg[Pyini|Q = 0] is the expected probability of failure con-
ditional on passing the test and [Eg[Pf.|Q = 1] is the expected
probability of failure conditional on failing the test. We can see
from Eq. (16) that the expected final probability of failure is a
weighted average of the expected probability of failure of the ini-
tial design and the expected probability of failure of the possible
redesigns.

3 Test Cases
3.1 Uniaxial Tension Test

3.1.1 Problem Description. In this example, we consider the
design of a minimum weight bar subject to uniaxial loading. The
problem definition is shown in Table 1. Note that following from
the formulation in Eq. (4), the high-fidelity model is assumed to
have the same functional form as the low-fidelity model except
for a constant discrepancy. The design is subject to aleatory uncer-
tainty in loading and material properties. In addition, there is epis-
temic model uncertainty in the limit-state function describing the
yielding of the bar. The uncertain parameters are defined as shown
in Table 2. The bar is designed to minimize the mass, or equiva-
lently cross-sectional area, subject to a stress constraint. The bar is
designed using conservative values in place of random loads and
material properties. Later in the design process, the bar will be
tested (e.g., high-fidelity simulation or prototype test) and it will
be redesigned if the margin with respect to the stress constraint is
too high or too low.

The problem follows the general method described in Sec. 2.
The limit-state function is a linear function of the aleatory param-
eters and all aleatory parameters are assumed to be normally dis-
tributed. Therefore, the computational cost is reduced by
calculating the reliability index analytically for each realization of
epistemic model error. The reliability index is the minimum dis-
tance from the origin to the limit-state function in standard normal
space (for background, see [35]). Due to the simplicity of the
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Fig. 3 Uniaxial tension test—comparison of expected cross-
sectional area after possible redesign as a function of probabil-
ity of redesign for redesign for performance (conservative initial
design) versus redesign for safety (ambitious initial design)

design problem, the optimum deterministic design can be obtained
directly by solving for the value of the design variable that satis-
fies the deterministic constraint.

3.1.2  Expected Performance Versus Probability of Redesign.
Tradeoff curves for expected cost, Eg[f (Xina )], versus probability
of redesign, p.., are shown in Fig. 3. The tradeoff curves were
obtained by solving Eq. (1) for several values of the constraint on
probability of redesign, p;.. The two curves correspond to the spe-
cial cases of performing redesign only for performance and per-
forming redesign only for safety. It was observed that redesign for
performance was the global optimum solution and the optimum
margins would converge to this solution when allowing for both
redesign for safety and performance.

The expected mass of the bar decreases with increasing risk of
redesign. When there is zero probability of redesign, the initial
design must be conservative enough that the expected probability
of failure is less than or equal to the target value of 1 x 107>, To
meet the target on expected probability of failure, the initial
design must be heavier. This is the design we would obtain if we
optimized only 7;,; to minimize the weight of the initial design
with a constraint on expected probability of failure. Both curves
start at this design because the probability of redesign is zero and
therefore there is no difference between the redesign strategies.
As the probability of redesign increases, redesign can be used to
correct the initial design if the high-fidelity model reveals the
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Table 3 Results for uniaxial tension example for 20% probability of redesign
Description Notation Redesign for safety Redesign for performance
Probability of redesign Dre 0.20 0.20
Cost of initial design S (Xini) 155.5 170.7
Expected cost conditional on performing redesign Eelf (Xee)|0 = 1] 191.2 109.4
Expected cost after possibly performing redesign Eg[f (Xeinar)] 162.7 158.4
Expected probability of failure of initial design Eg[Py ini] 29 %107 0.9 x 107
Expected probability of failure of initial design conditional on passing test Eg[Psini]Q = 0] 0.9 x 107° 12 x107°
Expected probability of failure of new designs conditional on failing test Ee[Pfre|Q = 1] 13x107° 0.4 x 1073
Expected probability of failure after possibly performing redesign E£[Py finai] 1.0 x 107 1.0x 1077
5 5
3 X 10 - . — 3 x10 . : . —
0 ' ] . 7 ' :
3 : [ Initial 3 : [ initial
) ; C——IFinal ) ; C——IFinal
g 2y i . ini ] g 2r i s N, .
8 i O re 8 i O nre
5 | s 5 I s
6 1F E ------- ub b 6 1F E -------- ub 1
el : ; o L ;
E :A‘H—W :H_hm E | :
= I ' = 1 I
Z : : = ;ﬂ_ﬂ_: :
0 — L 0 f -
-5 0 5 10 15 -5 0 5 10 15
(a) High-fidelity safety margin, NH sl (b) High-fidelity safety margin, NH dnl

Fig.5 Uniaxial tension test—epistemic uncertainty in margin with respect to high-fidelity model for 20% proba-
bility of redesign. Plots show overlapping transparent histograms.

margin is too high or too low. To explore the simulation in more
detail, the points on the tradeoff curve corresponding to 20%
probability of redesign were selected.

Histograms of the area of the cross section of the bar are shown
in Fig. 4. Redesign for performance starts with a heavier design
and redesign is used to reduce the weight if the initial design is
revealed to be overly conservative. Redesign for safety starts with
a lighter initial design and redesign adds weight if the initial
design is revealed to be unsafe. It is observed that if redesign for
performance is required, then the change in area is much larger
than the change associated with redesign for safety. Based on the
statistics in Table 3, the expected change in the cross-sectional
area conditional on redesign for performance is —33%, whereas
the change conditional on redesign for safety is about 23%. If we
assume the effort and cost associated with redesign is proportional
to the relative change in the design, then redesign for performance
is more difficult and expensive than redesign for safety. Therefore,

111409-6 / Vol. 138, NOVEMBER 2016

redesign for safety may be preferred over redesign for perform-
ance even if the expected performance is similar. Furthermore, the
assumption of constant model bias is more reasonable when the
change in the design is small, which could lead to less accurate
calibration and probability of failure estimates when considering
redesign for performance.

Histograms of the margin with respect to the high-fidelity
model are shown in Fig. 5. Redesign for performance starts with
a higher initial margin and redesign is performed if the margin
is revealed to be above n,, Redesign for safety starts with a
lower initial margin and redesign is performed if the margin is
revealed to be below ny,. If redesign is performed, then the
design is adjusted during redesign optimization to have a margin
of n. as indicated by the peak at this location. Histograms of
the margin with respect to the true model are shown in Fig. 6.
In contrast to the margin with respect to the high-fidelity model
in Fig. 5, the true margin does not depend on the error in the
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high-fidelity model. The truncation of the true margin distribu-
tion is imperfect and the true margin after redesign does not
exactly correspond to .. It should be noted that we have not
included any requirement that the margin should be strictly posi-
tive. The margin is calculated with respect to conservative alea-
tory values, uge, and therefore it may be reasonable to employ a
negative margin in order to saturate the expected probability of
failure constraint.

Histograms of the reliability index are shown in Fig. 7. By rede-
signing based on the observed safety margin, the designer is cor-
recting a dangerous or overly conservative design. Histograms of
the probability of failure are shown in Fig. 8. Both strategies are

Journal of Mechanical Design

optimized to obtain the same expected probability of failure after
redesign. Redesign for safety reduces the expected probability of
failure by correcting the design if it is revealed to be unsafe and
redesign for performance starts with a more conservative design
with lower expected probability of failure. Based on the statistics
in Table 3, if planning to redesign for safety, the expected proba-
bility of failure of the initial design before the test is more than
three times greater than when planning to redesign for perform-
ance. Interestingly, if the initial design passes the test without
redesign, then the expected probability of failure of the initial
design is actually about 25% lower when considering redesign for
safety compared to redesign for performance.
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3.1.3 Expected Performance Versus Level of High-Fidelity
Model Error. In some situations, the designer may be able to con-
trol the accuracy of the high-fidelity model. For example, it may
be possible to develop a model with less uncertainty by investing
more time and resources. In this case, the designer may be inter-
ested in how the choice of margins depends on the amount of
uncertainty in the high-fidelity model. Even if the designer is
unable to influence the accuracy of the high-fidelity model, it is
interesting to explore the effect of varying this uncertainty in
order to illustrate how it influences the choice of whether to rede-
sign for safety or redesign for performance. To explore the effect
of the error in the high-fidelity model, the ratio of the standard
deviation of the error in the high-fidelity model relative to the
standard deviation of the error in the low-fidelity model,

/Var(Ey)/Var(EL), was varied from zero to one. The standard

deviation of the error of the low-fidelity model was held fixed and
both distributions had means of zero. An error ratio of zero corre-
sponds to no error in the high-fidelity model and a ratio of one
corresponds to having the same error distributions for both mod-
els. For each point on the curves, the margins were optimized by
solving Eq. (1) for a fixed probability of redesign of 20%. As
shown in Fig. 9, redesign for safety is preferred when the error in
the high-fidelity model is low but redesign for performance is pre-
ferred when the error in the high-fidelity model is high. Note that
for the tradeoft curve shown in Fig. 3, the ratio of the errors in the

models was /Var(Ey)/Var(EL) =

3.2 Supersonic Business Jet Engine Design

3.2.1 Problem Description. This example is based on the
propulsion discipline design problem from the Sobieski super-
sonic business jet (SSBJ) problem [36]. The design problem is to
minimize engine weight subject to a constraint on the maximum
normalized throttle setting. The problem is based on the scaling of
a baseline engine to meet a thrust requirement. If the engine is
designed to provide the required thrust when operating near idle
throttle, then the resulting engine design is unreasonably large and
heavy. If the engine is designed to provide the required thrust
when operating at full throttle, then the engine design can be
smaller and lighter. However, there is epistemic uncertainty in the
low-fidelity prediction of the thrust output and therefore it is desir-
able to have some margin to increase the probability that the as-
built engine can provide sufficient thrust. In addition, the thrust
output of the engine varies with Mach number and altitude. In this
example, we consider that the engine is designed to operate for a
distribution of altitudes (aleatory uncertainty).

The throttle setting is defined as the ratio of the engine output
thrust relative to the maximum available thrust at a given altitude
and Mach number. A throttle setting of one indicates maximum
power at a given altitude and Mach number and a throttle setting

111409-8 / Vol. 138, NOVEMBER 2016

of 0.01 is idle thrust. The net available thrust of the engine
increases with Mach number and decreases with altitude. A nondi-
mensional throttle setting variable, x, is created by normalizing
the throttle with respect to the point of maximum thrust of the
baseline engine. The nondimensional throttle setting is defined as

X = Sout/SO (17)

where Sqy is the output thrust and Sp = 16168 Ibf is the maximum
thrust of the baseline engine. If the required thrust S, is different
than the thrust provided by the baseline engine, the baseline
engine design is scaled to match the new requirement. In this
example, we assume a fixed thrust requirement S.q = 40,000 Ibf.
The engine scale factor (ESF) is defined as

Sreq Sreq
ESF = 4 — 4. 18
250,_“ 2xS0 ( )

where the value of two in the denominator reflects the fact that
two engines are used on the jet. The weight of the engine Wy is
approximated as following a power law relationship with engine
scale factor

Wy = 2Wgg(ESF)' (19)

where Wy = 43601b is the weight of the baseline engine.

A response surface of the engine performance map for the base-
line engine calculates maximum available thrust S,,,;; at a given
Mach number M and altitude s. The response surface sets an
upper bound on throttle, x,,, when normalized by S,

Savail (Ma h)

Xub (]V[7 h) = SO

1
=< (otg + ouM + aoh + azsM?* + 204Mh + 205h?)
0

(20)

where the coefficients are listed in Table 4. The plot of the engine
performance map response surface in Fig. 10 shows that the thrust
decreases as the altitude increases.

In this example, we are interested in minimizing the weight of
the engine subject to a constraint on maximum throttle. The prob-
lem definition is shown in Table 5. Note that following from the
formulation in Eq. (4), the high-fidelity model is assumed to have
the same functional form as the low-fidelity model except for a
constant discrepancy. We consider aleatory uncertainty in the alti-
tude and epistemic model uncertainty in the maximum throttle,
Xup, as defined in Table 6. The problem follows the general
method described in Sec. 2. The engine is designed using a con-
servative value in place of random altitude. Later in the design
process, the engine will be tested (e.g., high-fidelity simulation or
prototype test) and it will be redesigned if the margin with respect
to the throttle constraint is too high or too low. That is, the engine
will be redesigned if it provides insufficient thrust or the thrust is
so large that it is worth redesigning to use a smaller, lighter
engine.

Table 4 Coefficients for calculating throttle upper bound
(Eq. (20))

Coefficient Value

o 1.1484 x 10*
oy 1.0856 x 10*
o —5.0802 x 107!
o 3.2002 x 103
oy —1.4663 x 107!
os 6.8572 x 107°
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Fig. 10 A response surface of the engine performance map
calculates maximum available thrust at a given Mach number,
M, and altitude, h. The throttle setting is normalized to one at an
altitude of approximately 32,000 ft and Mach 1.9.

Table 5 Problem definition for SSBJ Example

Description Notation
Design variable Throttle X
Aleatory variable Altitude (ft) U=H
Conservative value Max altitude Uger = 56,770 ft
Objective function Engine weight (Ibs) f(x) = Wg(x)
Limit-state function Maximum throttle g(x,U) =xw(H) —x
Target mean reliability p;=1x 1073

The probability of failure is estimated based on a Monte Carlo
simulation. The throttle should be set to the upper bound to mini-
mize the engine weight. Therefore, deterministic design optimiza-
tion was avoided by setting the throttle to the upper bound minus
the margin.

3.2.2  Expected Performance Versus Probability of Redesign.
Tradeoff curves for expected cost, Eg[f (Xina )], versus probability
of redesign, p., are shown in Fig. 11. The tradeoff curves were
obtained by solving Eq. (1) for several values of the constraint on
probability of redesign, p;.. The two curves correspond to the spe-
cial cases of performing redesign only for performance and per-
forming redesign only for safety. It was observed that redesign for
safety was the global optimum solution and the optimum margins
would converge to this solution when allowing for both redesign
for safety and performance. This result is different from the exam-
ple in Sec. 3.1 where redesign for performance was preferred. To
explore the simulation in more detail, the points on the tradeoff
curve corresponding to 20% probability of redesign were selected.

Histograms of the throttle are shown in Fig. 12 and histograms
of engine weight are shown in Fig. 13. Redesign for performance
starts with a heavier design (lower throttle setting) and redesign
increases the throttle setting to reduce the weight if the initial
design is revealed to be overly conservative. Redesign for safety
starts with a lighter initial design (higher throttle setting) and rede-
sign reduces the throttle which increases the weight if the initial
design is revealed to be unsafe. It is observed that if redesign for
performance is required then the change in weight is much larger
than the change associated with redesign for safety. Based on the
statistics in Table 7, the expected change in the weight conditional
on redesign for performance is —29%, whereas the change
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Fig. 11 SSBJ Engine—comparison of expected engine weight

after possible redesign as a function of probability of redesign
for redesign for performance (conservative initial design) ver-
sus redesign for safety (ambitious initial design)

conditional on redesign for safety is about 16%. If we assume the
effort and cost associated with redesign is proportional to the rela-
tive change in the design, then redesign for performance is again
more difficult and expensive than redesign for safety as was
observed in the uniaxial tension test example. This supports the
initial finding for the uniaxial tension test example that redesign
for safety may be preferred over redesign for performance even if
the expected performance is similar. As also noted on the uniaxial
tension test example, the large design change associated with
redesign for performance may lead to less accurate calibration and
probability of failure estimates due to the assumption of constant
model bias.

Histograms of the margin with respect to the high-fidelity
model are shown in Fig. 14. As was observed in the bar example,
redesign for performance starts with a higher initial margin and
redesign for safety starts with a lower initial margin.

Histograms of the probability of failure are shown in Fig. 15.
Redesign for safety reduces the expected probability of failure
substantially by correcting the design if it is revealed to be unsafe.
In other words, redesign for safety truncates the tail of the distri-
bution corresponding to an unsafe initial design. The change in
the expected probability of failure is much less significant with
redesign for performance because the expectation is not very sen-
sitive to the very low probability of failure realizations that are
changed when redesigning for performance. Based on the statis-
tics in Table 7, redesign for safety reduce the expected probability
of failure by a factor of seven, whereas redesign for performance
increases the expected probability of failure by only about 4%.

3.2.3 Expected Performance Versus Level of High-Fidelity
Model Error. The ratio of the standard deviation of the error in
the high-fidelity model relative to the standard deviation of the
error in the low-fidelity model, \/Var(Ey)/Var(EL), was varied
from zero to one. For each point on the curves, the margins were
optimized by solving Eq. (1) for a fixed probability of redesign of
20%. As shown in Fig. 16, redesign for safety is preferred
when the error in the high-fidelity model is low but redesign for
performance is preferred when the error in the high-fidelity
model is high. The overall trends are similar to those observed
for the example in Sec. 3.1. Note that for the tradeoff curve

Table 6 Uncertain Parameters for SSBJ Example
Parameter Classification Symbol Mean, p C.O.v Range Distribution
Altitude Aleatory H (ft) 52,500 0.05 [45,000, 60,000] Truncated normal
Error in low-fidelity model Epistemic E; 0 — [—0.0375, 0.0375] Uniform
Error in high-fidelity model Epistemic Ey 0 — [—0.0075, 0.0075] Uniform
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Table 7 Results for SSBJ example for 20% probability of redesign
Description Notation Redesign for safety Redesign for performance
Probability of redesign Dre 0.20 0.20
Cost of initial design £ (i) 8.30 x 10* 9.16 x 10*
Expected cost conditional on performing redesign Eglf (Xee)|0 = 1] 9.64 x 10* 6.52 x 10*
Expected cost after possibly performing redesign Eg[f (Xeinar)] 8.57 x 10* 8.63 x 10*
Expected probability of failure of initial design Eg [Py ini] 6.94 x 1073 0.96 x 1073
Expected probability of failure of initial design conditional on passing test Eg[Psini]Q = 0] 1.05 x 1073 1.20 x 1073
Expected probability of failure of new designs conditional on failing test Ee[Pfre|Q = 1] 0.80 x 1073 0.18 x 1073
Expected probability of failure after possibly performing redesign E£[Ps final] 1.00 x 1073 1.00 x 1073
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Fig. 14 SSBJ Engine—epistemic uncertainty in margin with respect to high-fidelity model for 20% probability
of redesign. Plots show overlapping transparent histograms.
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Fig. 16 SSBJ Engine—redesign for safety is preferred when
high-fidelity model error is low, but redesign for performance is
preferred when high-fidelity model error is high. Plot is for fixed
probability of redesign of 20%.

shown in Fig. 11 the ratio of the errors in the models was
Var(Ey)/Var(Ey) = 0.2.

4 Discussion and Conclusion

This study presented a generalized formulation of a two-stage
margin-based design/redesign process considering the effects of a
future test and possible redesign. The margins that control the
deterministic design/redesign process are optimized to minimize
the expected value of the design cost function (i.e., maximize
expected performance) while satisfying constraints on probability
of redesign and expected probability of failure. The future test
result (i.e., high-fidelity evaluation of initial design or prototype
test) is an epistemic random variable that is predicted based on the
distributions of possible errors in the low- and high-fidelity mod-
els. Future test results are simulated in order to calculate the prob-
ability of redesign, the possible designs after calibration and
redesign, and the final distribution of probabilities of failure. By
considering that the design may change later in the design process
conditional on the outcome of the future test, it is possible to trade
off between the risk of having to redesign later in the design pro-
cess and the associated performance and/or reliability benefits.

When considering epistemic model uncertainty in a design con-
straint, the designer faces a dilemma in whether to start with a
larger initial margin (i.e., more conservative initial design) and
possibly redesign to improve performance versus starting with a
smaller margin (i.e., less conservative initial design) and possibly
redesigning to restore safety. This study analyzes this decision

Journal of Mechanical Design

when there is a fixed but unknown constant bias between the
low-fidelity model, high-fidelity model, and true model. In the
examples in this study, it is found that the decision of whether to
start with a higher initial margin and possibly redesign for per-
formance, or to start with a lower initial margin and possibly rede-
sign for safety, depends on the ratio of the standard deviation of
the uncertainty in the high-fidelity model relative to the standard
deviation of uncertainty in the low-fidelity model.

It was observed that the redesign for safety strategy was
strongly influenced by the amount of error in the high-fidelity
model. It is hypothesized that the amount of error in the high-
fidelity model has a stronger influence on the redesign for safety
strategy because the error interferes with the process of truncating
dangerous designs. The benefit of redesign for safety is that it pre-
vents a dangerous initial design from successfully passing the test.
This substantially reduces the expected probability of failure
which in turn allows the initial design to be less conservative.
However, if there is a large amount of error in the high-fidelity
model, then a dangerous initial design may pass the test unno-
ticed. Even if this is unlikely, the possibility of a high probability
of failure has a significant influence on the mean probability of
failure. To compensate, the initial design must be more conserva-
tive. On the other hand, when considering redesign for perform-
ance, it is not a problem if a very safe (i.e., overly conservative)
initial design passes the test.

It is observed that redesign for safety and redesign for perform-
ance result in different distributions of performance (e.g., weight).
Redesign for performance capitalizes on the fact that it may be
possible to obtain a substantial improvement in performance if the
initial design is revealed to be much too conservative. The per-
formance improvement is large but the probability of obtaining
this benefit is small when the probability of redesign is small. The
initial design must be more conservative since redesign is only
used to improve performance and not to restore safety. Redesign
for safety attempts to obtain better initial design performance by
allowing for the possibility that redesign may be necessary to
restore safety. If the initial design is revealed to be unsafe, then it
is found that a small design change is usually sufficient to restore
safety. When the probability of redesign is small, the initial
design is likely to pass the test and be accepted as the final design.
Redesign for safety allows for a better initial design than redesign
for performance. However, redesign for performance has the
advantage that it may be possible to skip the redesign process
when time constraints outweigh the possible performance benefits
of redesign. Another interesting interpretation of the results is that
the degree of design change may be considered proportional to the
cost or effort associated with redesign. Therefore, redesign for
performance may be associated with higher expected costs or
effort due to the large design changes even if the expected per-
formance and probability of redesign are similar to that of rede-
sign for safety. This finding seems to support the industry practice
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of primarily redesigning to correct safety issues rather than to
improve performance.

5 Limitations and Future work

This study is based on the assumption that there is a fixed but
unknown constant bias between the low-fidelity model, high-
fidelity model, and true model. If the model error is
constant across the joint design/aleatory space, then the reduction
in epistemic model uncertainty does not depend on the location
where the high-fidelity model is evaluated. If the model error is
not constant, then it may incentivize starting with a lower margin
in order to have a high-fidelity evaluation close to the limit surface
g(x,u) = 0. In related work, a Kriging surrogate is introduced to
model epistemic uncertainty in order to account for spatial
correlations in model uncertainty [17].

The proposed method may be computationally expensive
because it involves a Monte Carlo simulation (MCS) of a design/
redesign process nested inside a global optimization problem. To
reduce the computational cost, surrogate models can be fit to the
mean probability of failure and mean design cost as a function of
the margins as described in Appendix [17]. Surrogate models
were not used in the examples in this study because the design
models were not computationally expensive.

Federal Aviation Administration regulations mandate the use of
conservative material properties such as A-basis or B-basis and
conservative loads based on a factor of 1.5 times limit loads.
These requirements can be incorporated into the specification of
conservative values uge; used in the proposed method. However,
these values may not be optimal. Even if the choice of conserva-
tive values is constrained by regulations, a designer may be inter-
ested in quantifying the performance penalty associated with the
values specified in regulations relative to other choices. For more
general problems, regulations governing the choice of conserva-
tive values may not exist and a designer may be interested in find-
ing the best possible design values. Future work will investigate
optimizing the values u4 in addition to the margins.

In this study, a constraint was placed on the expected
probability of failure during the optimization of margins. By con-
straining the expected probability of failure, it is possible to arrive
at an optimum set of margins that not only have some very safe
designs but also have some unsafe designs. To avoid this situation,
additional constraints should be included that consider the spread
of the probability of failure distribution (e.g., superquantile [37]).

In this study, the proposed method was illustrated on some sim-
ple example problems. The method could easily be applied to
examples with additional design variable and/or aleatory varia-
bles. Additional design constraints with mixed uncertainty could
theoretically be handled by including another set of margins spe-
cific to each constraint. Models with higher computational cost
could be handled by fitting surrogates to the expected performance
and expected probability of failure with respect to the margins in
order to remove the design models from the global optimization
problem (see Appendix).
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Nomenclature
e = epistemic model error
E[-] = expected value operator
f(-,+) = objective function
g(+,-) = limit-state function
n = margin

Dre = probability of redesign
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ps= probability of failure
P[] = probability operator
g = redesign indicator function
U = aleatory random variable vector
) = variance operator
x = design variable vector

Subscripts

det = deterministic value
E = epistemic uncertainty
f= failure

final = final design after possible redesign

H = high-fidelity model

ini = initial design
L = low-fidelity model

Ib = lower bound

re = design after redesign
T = true model

ub = upper bound
U = aleatory uncertainty

Superscripts

(i) = epistemic realization
* = target value in optimization

Accents

= mean value

Appendix: Reducing the Computational Cost Through
the Use of Surrogate Models

The proposed method may be computationally expensive
because it involves a Monte Carlo simulation (MCS) of a design/
redesign process nested inside a global optimization problem.
To reduce the computational cost, surrogate models can be fit
to the expected cost and expected probability of failure as a
function of the margins. A design of experiment (DoE) is per-
formed over the margin design space Ryin < 7 < Ry, Where
n = {Nini, M, Nub, Mre - The MCS of the design/redesign process is
performed for each point in the DoE to calculate the expected
cost, Eg[Ey[f (Xgna, U)]], and the expected probability of failure,
Eg [Pf‘ﬁnal}. It is recommended that a noninterpolating surrogate
model, such as Kriging with nugget, be used in order to filter
some of the noise introduced by the MCS. After creating the sur-
rogate models, the optimization problem in Eq. (1) can be solved
with respect to the surrogate models. After finding the optimum
margins, it is recommended that another MCS be performed using
the optimum margins to obtain the detailed simulation results and
assess the accuracy of the surrogates at the optimum.
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